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ABSTRACT 
Vortex-induced vibration (VIV) of cylindrical structures in fluid flow is of interest to many 
fields of engineering. For example, it influences the dynamics of offshore riser tubes 
bringing oil from the seabed to the surface and is a key issue in deep water riser design. 
Water depths up to 3000 m are found in typical oil extraction areas. Understanding VIV is 
also important in many other offshore engineering applications, such as mooring lines of 
floating offshore wind turbines, undersea pipelines and flexible slender pipes. These 
slender structures can experience VIV when exposed to marine current, because the 
dynamic vortex shedding flow leads to oscillatory forces. This study focuses on the 
Vortex-induced vibration (VIV) of circular cylinders in steady and oscillatory flows. As 
the first step, a two-dimensional (2D) numerical model is used to study VIV of a single 
circular cylinder in combined steady and oscillatory flow. The numerical model is based on 
the Reynolds-Averaged Navier-Stokes equations. Special focus is to investigate the effects 
of flow ratio (the percentage of the steady current velocity in the total fluid velocity) on the 
response of the cylinder. The simulations are carried out for a constant Keulegan–
Carpenter (KC) number. The second step is to investigate the vortex-induced vibration 
(VIV) of multiple circular cylinders elastically connected together in a side-by-side 
arrangement subject to steady flow at a low Reynolds number of 150 and a low mass ratio 
of 2. Simulations are conducted for two-, five- and ten-cylinder systems over a wide range 
of reduced velocity that covers the whole lock-in regime for each of the cases. The 
differences between the responses of a multiple-cylinder system and a single cylinder are 
discussed. The shedding of vortices and flow interference between multiple circular 
cylinders in side-by-side arrangement in steady flow are examined. Then, a numerical 
study of vortex-induced vibration of four rigidly connected and four separately mounted 
circular cylinders in an inline square configuration at a Reynolds number of 150, a low 
mass ratio of 2 and a range of spacing ratio L from 1.5 to 4 is carried out. For a rigidly 
connected four-cylinder array, the maximum and minimum response amplitudes occur at 
L=1.5 and L=2.0, respectively, for the range of spacing ratio covered in this study and the 
maximum respond amplitude at L=1.5 is accompanied by a wider lock-in range than a 
single isolated cylinder case. For spacing ratios L ≥ 2.5, the lock-in regime of four rigidly 
connected cylinders is similar to that of a single cylinder and the response amplitudes in 
the lock-in regime are slightly higher than that of a single cylinder. The biased vortex street 
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leads to a shift of the mean position of the cylinder array with the largest mean position 
shift being observed at L=3. Four response modes are identified for four separately 
mounted cylinders. These are the in-phase mode, the anti-phase mode, the correlated out-
of-phase mode and the uncorrelated mode. The response mode for a cylinder in the four 
cylinder system is dependent not only on the spacing ratio, but also on the initial condition 
of the flow. The response amplitude under the in-phase mode is generally higher than that 
under the anti-phase mode at identical spacing ratios. This is attributed to the interaction of 
vortices in the wake of the cylinders.  
Two-dimensional studies have been popularly used to investigate the fundamental 
mechanisms of VIV due to its efficiency. Because the flow in the wake of a circular 
cylinder is in a three-dimensional fashion when the Reynolds number is in the turbulent 
regime, even when the cylinder is rigid and the free-stream flow is uniform, three-
dimensional simulation of VIV is necessary and has been carried out in this study. Vortex-
induced vibration (VIV) of tapered and uniform cylinders is investigated numerically at a 
constant Reynolds number of 500 using three-dimensional numerical simulations. The 
objectives of the study are to identify the difference between the responses of tapered and 
uniform cylinders. Simulations are conducted using parameters as close to the 
experimental condition as possible. Two cylinders are considered: one with a length to 
diameter ratio of 4.3 and a mass ratio of 2.27 and another one with a length to diameter 
ratio of 12.3 and a mass ratio of 6.1. While the simulation of the shorter cylinder is mainly 
for validating the numerical model, detailed analysis of the vibration amplitude and 
frequency, the vortex shedding flow mode and the lift coefficient are performed for the 
longer cylinder. For some reduced velocities, it is found that vortex shedding is in 2P mode 
at the small-diameter part of the cylinder and 2S mode at the larger-diameter part, forming 
a hybrid flow mode.  
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Chapter One 
 Introduction  
1.1 Background 
It is well known that the fluid-induced forces on cylindrical structures are oscillatory 
due to the wake vortex-shedding flow. If a flexible or elastically mounted rigid cylinder is 
placed in a fluid flow, the dynamic fluid force induces vibration of the cylinder, which in 
turn, modifies the flow and leads to a fully coupled fluid-structure interaction. The 
vibration of cylinders due to vortex shedding in fluid flow is referred to be vortex-induced 
vibration (VIV). VIV is a multi-disciplinary field which involves fluid mechanics and 
structural dynamics. The highly non-linear interaction between the fluid flow and the 
structure response needs to be studied by complex experimental techniques or 
computational fluid dynamics (CFD). It is of practical interest in many fields of 
engineering. For example, it influences the dynamics of riser tubes bringing oil from the 
seabed to the surface, it is important to the design of civil engineering structures such as 
bridges and chimney stacks, as well as to the design of marine and land vehicles, and it can 
cause large-amplitude vibrations of tethered structures in the ocean. The offshore industry 
has been at the forefront of the interest in the fluid-structure interaction subject in the past 
decades. The maximum water depths of the new exploration projects of oil and gas have 
increased from around 100 m in 1965 to about 3000 m in 2003 (Richardson et al., 2004). 
Drilling and production risers, marine cables, mooring lines, seabed pipelines and towed 
cables are some examples of marine structures that may vibrate in the ocean flow. Many 
onshore engineering structures also encounter VIV in their service life. Engineering 
applications such as power transmission lines, industrial chimney stacks, tube arrays in 
heat exchangers, bridge decks and high rise buildings are some examples. The practical 
significance of VIV has led to a large number of fundamental studies, many of which are 
discussed in the comprehensive reviews of Sarpkaya (1979), Griffin and Ramberg (1982), 
Bearman (1984), Parkinson (1989), and in the books by Blevins (1984), Naudascher and 
Rockwell (1994), and Sumer and Fredsøe (1997).  
Vibrations due to vortex shedding in the wake of cylindrical structures in the offshore 
industry exposed to ocean current are extremely important because the fatigue of these 
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structures causes huge economic and environmental damage. Extensive research on this 
topic has been conducted and several numerical models have been proposed to predict the 
fatigue life of such pipes (Facchinetti, 2001). The methods are for predicting VIV range 
from simple modal analysis to fully coupled analysis of the fluid-structure interaction by 
solving the Navier-Stokes equations. 
1.2 Aims of the Research   
The main aim of the study is to investigate vortex induced vibration (VIV) of 
cylindrical structures in steady and oscillatory flow through extensive numerical 
simulations. This thesis will focus on VIV of a cylinder in complex conditions including: 
combined steady and oscillatory flow, multiple degree of freedom vibration of elastically 
connected multiple cylinders, tapered cylinders. The thesis covers two- and three-
dimensional numerical studies. Specifically the objectives of the two-dimensional studies 
include: 
1. To understand the mechanisms of vortex induced vibration of cylindrical structures 
in combined steady and oscillation flow conditions and to identify the effect of the 
components of the steady and oscillation flow on VIV.  
2. To investigate numerically the VIV of multiple circular cylinders elastically 
connected together in a side-by-side in steady flow, which is a multiple degree of 
freedom system. Simulations are performed for two-, five- and ten-cylinder systems 
over a wide range of reduced velocity that covers the whole lock-in regime for each 
of the cases. The differences between the responses of a multiple-cylinder system 
and a single cylinder are discussed through mode analysis.  
3. To study the VIV of four circular cylinders in an in-line square configuration for 
various spacing ratios and to investigate their influence on cylinder system 
numerically. The difference between four separately vibrating cylinders and four 
rigidly connected cylinders (vibrating as a single body) will be discussed.  
4. To identify the difference between the VIVs of a tapered cylinder and a uniform 
cylinder through three-dimensional simulations and to quantify the effect of the 
taper ratio on VIV of a tapered cylinder.  
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1.3 Organisation of Thesis  
The basic structure of the thesis is organized as follows. First, the nature and the 
significance of the research are introduced, followed by appropriate literature review and 
background information before establishing the research methodology. Then an extensive 
discussion of the results and the elaboration of the research outcomes are given. Above all, 
recommendations for future studies are suggested so that the objectives achieved in this 
study could be further developed. The detailed organisation of the thesis is as follows:  
Chapter One: Introduction  
This chapter introduces the research topic and research question as well as outlines the 
motivation and the objectives of the research. 
Chapter Two: Literature Review  
The literature review covers the significance of vortex induced vibrations (VIV) of 
circular cylinders, flow around stationary circular cylinders and the importance of vortex 
shedding and parameters for the analysis of vortex shedding. VIV of rigid cylinders with 
one-degree-of-freedom characteristics for high mass damping and low mass damping 
systems is reviewed. Given its relevance to the offshore oil and gas engineering, VIV of a 
cylinder with low mass damping will be the focus. Then VIV of rigid cylinders with two-
degree-of-freedom and in oscillatory flow will be reviewed. Finally the study of VIV of 
multiple cylinders in fluid flow, for example, four circular cylinders in a square 
arrangement and two cylinders, will be discussed.  
 
Chapter Three: VIV of a circular cylinder in combined steady and oscillatory flows  
Chapter 3 consists of a numerical investigation of VIV of a circular cylinder in 
combined steady and oscillatory flows. In this chapter, the fluid flow was simulated by 
solving the two-dimensional Reynolds-Averaged Navier-Stokes equations and the 
Arbitrary Lagrangian Eulerian (ALE) scheme is applied to deal with the moving 
boundaries of the cylinder. The effects of flow ratio, a, on the response of the cylinder are 
investigated. The flow ratio is the ratio of the steady flow velocity to the total velocity. The 
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most important finding in this study is that the combination of the steady flow and the 
oscillatory flow alters the response in the lock-in regime significantly.  
Chapter Four: Vortex-induced vibration of elastically connected side-by-side multiple 
circular cylinders in steady flow  
Chapter 4 investigates the Vortex-induced vibration (VIV) of multiple elastically 
connected side-by-side circular cylinders in steady flow. The cylinders are allowed to 
vibrate only in the cross-flow direction. Simulations are conducted for two-, five- and ten-
cylinder systems over a wide range of reduced velocity that covers the whole lock-in 
regime for each of the cases. The differences between the responses of a multiple-cylinder 
system and a single cylinder are discussed. The study is focused on the influence of the 
interference among multiple circular cylinders in the side-by-side arrangements on the 
response amplitudes and frequencies.  
Chapter Five: Vortex-induced vibration of four circular cylinders in an in-line square 
configuration  
Chapter 5 investigates the Vortex-induced vibration of four circular cylinders in an in-
line square configuration at a low Reynolds number and a low mass ratio. Numerical 
simulations are performed for spacing ratios of L = 1.5, 2, 2.5, 3 and 4 and the range of the 
reduced velocity covers the full lock-in regime for all the gap ratios. Two scenarios are 
considered: (1) four rigidly connected cylinders and (2) four separated mounted cylinders. 
The flow around the cylinders and the response of the cylinders are predicted by solving 
the two-dimensional Navier-Stokes (NS) equations and the equation of motion, 
respectively. 
Chapter Six: Three-dimensional numerical simulations of vortex-induced vibrations 
of tapered and uniform circular cylinders  
In this chapter, the vortex-induced vibrations of tapered and uniform cylinders are 
considered. In this study VIVs of tapered and uniform cylinders of length 4.3 and 14.2 are 
simulated numerically at a Reynolds number of 500 and a mass ratio of 2.27 for tapered 
cylinder and 2.32 for uniform cylinder. The wake flow past the cylinder is studied for the 
taper ratios of α = 0.1 and α = 0.025. The rigid cylinders are elastically mounted and 
allowed to only vibrate in the cross flow direction of the flow. A three-dimensional 
numerical model is used to study the VIV of the cylinders in fluid flow. The governing 
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equations for simulating the three dimensional flow are the unsteady three-dimensional 
incompressible Navier-Stokes (NS) equations. In this study, the NS equations are solved 
by the finite element method and the Arbitrary Lagrangian Eulerian (ALE) scheme is 
applied to deal with the moving boundaries of the cylinder. 
Chapter Seven: Conclusions  
In this chapter the main conclusions and outcomes of this study are presented and 
discussed. Recommendations for future studies are proposed. 
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Chapter Two 
Literature Review 
This chapter, describes a comprehensive literature review on vortex-induced vibrations 
(VIV) of a circular cylinder in steady and oscillatory flows. When a bluff body is placed in 
a fluid flow, vortices are shed alternatively downstream the body. This phenomenon is the 
so-called vortex shedding. If a bluff body with a circular cross-section (a cylinder) is 
attached to a spring and a damper and allowed to vibrate only in the cross-flow direction, 
when the frequency of vortex shedding is close to the natural frequency of the structure, 
the cylinder oscillates at high amplitude due to the dynamic fluid force on a cylinder. This 
is so-called vortex-induced vibration (VIV) and is an important problem in many 
engineering applications. Because the amplitude of the oscillatory fluid force of a cylinder 
in a fluid flow in the cross-flow direction is significantly greater than that in the 
streamwise (in-line) direction, the vibration in the cross-flow direction dominates over that 
in the in-line direction. Many early studies of VIV have been focused on VIV of an 
elastically mounted rigid cylinder in a fluid flow, where the cylinder was only allowed to 
vibrate in the cross-flow direction. The aims of these classical studies are to find 
fundamental mechanisms of the VIV. The majority of the studies on VIV of a flexibly 
mounted rigid cylinder are for the cases where the flow direction is perpendicular to the 
long axis of the structure.  
2.1 Vortex shedding flow  
In fluid dynamics a vortex is a region within a fluid where the flow is mostly a vortical 
flow about an imaginary axis, straight or curved. When a bluff body is placed in a fluid 
flow, it creates a separated flow across a substantial proportion of their surface and leads to 
the vortex shedding (Gerrard, 1966; Bearman, 1984). Vortex shedding regularly occurs 
downstream of two-dimensional bluff bodies and is present, whether the separating 
boundary layers are laminar or turbulent (Bearman, 1984). When a circular cylinder is 
placed in a fluid flow, shear layers are formed because of the separation of the boundary 
layer on the cylinder surface. The strength of each shear layer increases away from the 
cylinder and it continues to grow until a stronger opposing shear layer breaks off the 
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former shear layer and results in vortex shedding downstream of the cylinder (Bearman, 
1984).  
The vortices are shed from the cylinder alternatively from the cylinder with a regular 
frequency. The nondimensional vortex shedding frequency is defined as the Strouhal 
number by 
U
fD
S t       (2.1) 
where f is the vortex shedding frequency, D is the diameter of the cylinder and U is the 
freestream velocity. The Strouhal number is a function of the Reynolds number, which is 
defined as 
                                   

UD
Re
                 (2.2)  
where U is the free-stream velocity, D is the cylinder diameter and ν is the kinematic 
viscosity of the fluid. Thus, the Reynolds number as well as the Strouhal number has a 
large effect on the energy of the vortices. Vortex shedding only occurs when the Reynolds 
number exceeds about 40. For Re>40, the boundary layer over the cylinder surface will 
separate due to adverse pressure gradient imposed by the divergent geometry of the flow 
environment at the rear side of the cylinder, and as a result of this, a free shear layer is 
formed. The boundary layer formed along the cylinder contains a significant amount of 
vorticity. This vorticity is fed into the free shear layer formed downstream of the 
separation point and causes the shear layer to roll up into a vortex with a sign identical to 
that of incoming vorticity. Likewise, a vortex, rotating in the opposite direction, is formed 
on the other side of the cylinder. Consequently, one vortex will grow larger than the other, 
the larger vortex becomes strong enough to draw the opposing vortex across the wake 
(Gerrard, 1966). 
The vortex shedding flow is influenced by the Reynolds number. At very low values 
of Reynolds number (Re<5), no separation occurs and the flow is called creeping flow. As 
the Reynolds number exceeds 5, the separation starts to occur. For the range of Reynolds 
number 40Re5  , a fixed pair of vortices forms in the wake of the cylinder. The length 
of the vortex formation increases with Re  (Batchelor, 1967). In the non-separation regime 
(Re<40) the two wake vortices remain attached to the surface of the cylinder and the 
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steady laminar wake is formed. The shear layers meet at a point named the confluence, 
neutral or free stagnation point, closing the near wake region. The vortex shedding occurs 
as the Reynolds number exceeds 40. At 40<Re<200 the vortex street is laminar and the 
shedding is essentially two-dimensional, i.e., it does not vary in the axial direction of the 
cylinder (Williamson, 1985b).  
As Reynolds number is in the range of 300Re200  , the transition to turbulence in the 
wake region is found (Bloor, 1964). The wake flow becomes fully turbulent as
5103Re300  . This regime is known as subcritical flow regime. With the further 
increase in Re, transition to turbulence occurs in the boundary layer itself. The transition 
first takes place at the point where the boundary layer separates, and then the region of 
transition to turbulence moves upstream over the cylinder surface towards the stagnation 
point as Re  is increased. In the narrow Re band 55 105.3Re103   the boundary layer 
becomes turbulent at the separation point, but this occurs only on one side of the cylinder. 
So the boundary layer separation is turbulent at one side of the cylinder and laminar at the 
other side. The flow regime is called the critical flow regime. The flow asymmetry causes 
a non-zero mean lift on the cylinder in the critical flow regime. The next Reynolds number 
regime is the so called supercritical flow regime where 65 105.1Re105.3  . In this 
regime, the boundary layer on one side becomes fully turbulent, while the boundary layer 
on the other side becomes partly laminar and partly turbulent. Finally, when Re  exceeds 
about 6105.4  the boundary layer over the cylinder surface is virtually turbulent 
everywhere, this flow regime is called the transcritical flow regime. The detailed review on 
the laminar and the turbulent vortex shedding flow regimes can be found in Sumer and 
Fredsøe (1997).  
The Strouhal number for flow past a circular cylinder is found to be about 0.2 in the 
subcritical Reynolds number regime. As the result of the periodic vortex shedding, the 
pressure distribution along the cylinder surface also changes periodically, thereby 
generating a periodic variation in the force components on the cylinder. The force can be 
divided into cross-flow and in-line components. The forces in the cross-flow and the in-
line directions are commonly named as the lift force (FL) and the drag force (FD), 
respectively. The lift force appears when the vortex shedding occurs and it fluctuates at the 
vortex shedding frequency. Similarly, the drag force also oscillates due to the vortex 
shedding. The lift and drag coefficients are defined as 
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DU
F
C LL 22/1 
                                            (2.3) 
                
DU
F
C DD 22/1 
                                           (2.4) 
respectively, where, FL and FD are the lift and drag forces per unit length of the cylinder, 
respectively, 
LC  and DC  are the lift and drag coefficients, respectively and ρ is the fluid 
density. 
 
2.2 Vortex-induced vibrations (VIV) 
Due to the oscillatory forces imposed by the fluid, flexible cylinders or elastically 
mounted rigid cylinders vibrate when they are immersed in a fluid flow. The vibration 
of a cylinder in fluid flow occurs predominantly in the cross-stream direction since the 
oscillation of the lift force is stronger than that of the drag force. This type of structural 
response is called vortex-induced vibration (VIV). VIV is a strong nonlinear 
phenomenon, because the movement of the cylinder alters the flow field, and the flow field 
is ultimately responsible for the forces exerted on the cylinder. The nonlinear interaction 
between the fluid flow and the cylinder motion makes the prediction of the cylinder 
response complicated, even for very simple two-dimensional problems. Most of the recent 
studies of VIV have focused on the fundamental case of vibration of an elastically mounted 
rigid circular cylinder in fluid flow. This fundamental case has been studied extensively by 
experimental and numerical approaches.  
2.2.1 One-degree-of-freedom VIV in the cross-flow direction 
Since the lift coefficient induced by the flow has a much greater amplitude than the 
drag coefficient, the VIV of a circular cylinder in the cross-flow direction is much severer 
than that in the in-line direction. By allowing the cylinder to vibrate only in the cross-flow 
direction as shown in Figure 2.1, fundamental mechanisms of VIV can be found. The 
periodic vortex shedding is formed downstream of the cylinder in the fluid flow. If the 
cylinder is flexibly mounted and it has suitably low damping and mass, vortex-induced 
vibrations (VIV) occur. Once the VIV starts, the flow is modified and the excitation force 
of the moving cylinder changes which again modifies the response and the flow field. The 
interaction between the structure and the flow is a very complex non-linear interaction. 
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Excellent review works on VIV have been published in Sarpakaya (1979, 2004), Bearman 
(1984), Parkinson (1974) and Williamson and Govardhan (2004). 
 
 
Figure 2.1:  Cross-flow vibrations of a cylinder in fluid flow 
 
2.2.1.1 High mass-damping system  
In addition to the fluid velocity, the response of an elastically mounted cylinder in 
fluid flow is found to be affected by the mass ratio and the damping factor. The mass ratio 
m
*
 is defined as  
                                                          dmmm /
*                                               (2.5)                                                                                              
where m is the mass of the cylinder and md is the displaced fluid mass. Many early studies 
on VIV were based on the experiments in the wind tunnel with high mass ratios and 
damped systems, resulting in large mass-damping parameters. The mass damping 
parameter is defined as *m  with ζ being the damping ratio. The purpose of these studies 
was to understand the VIV of the structures such as power lines, bridge cables and 
chimneys in the wind. An important study by Feng (1968) provided a comprehensive 
analysis on the amplitude and frequency response of the cylinder oscillating in the 
transverse direction of the wind flow. Figure 2.2 and Figure 2.3 shows Feng‟s results of 
nondimensional frequency (f/fn) and non-dimensional amplitude (A/D) against the reduced 
velocity (Vr), respectively.  
K C
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Figure 2.2:  Variation of the response frequency with the reduced velocity for a freely 
vibrating cylinder in air, from Feng‟s experiment (Feng, 1968). The dashed line is the 
oscillatory frequency of the lift coefficient of a stationary cylinder based on the Strouhal 
law.  
 
 
Figure 2.3: Variation of the response amplitude with the reduced velocity for a 
freely vibrating cylinder in air, from Feng‟s experiment (Feng 1968) 
 
The reduced velocity is defined as 
                                                              
Df
U
V
n
r                                              (2.6)                                                                                                                                                                  
where fn is the structural natural frequency of the cylinder. No vibration happens when the 
reduced velocity is less than 4. After the reduced velocity exceeds approximately 4, the 
vibration amplitude increases gradually with increasing Vr and reaches its maximum value. 
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Then it reduces and becomes almost zero again at a reduced velocity of approximately rV = 
8.5. In the response range, two separate branches can be observed, one achieving higher 
amplitudes than the other. These two branches are called the initial branch and the lower 
branch, respectively. It was observed that the jump in the displacement between the two 
branches was associated with an abrupt change in the flow patterns. It can be seen that, 
initially, as the reduced velocity (Vr) increases from zero, the cylinder is nearly 
stationary and the vortex shedding frequency (fv) follows the straight line of Strouhal 
number relation or Strouhal law (i.e. tS = 0.198), which is similar to the Stouhal number 
of a fixed cylinder. As the flow velocity increases to about 5, the vortex shedding 
frequency (fv) approaches the natural frequency (fn) of the system (fv/fn=1), instead of 
following the Strouhal law. At this reduced velocity, the cylinder starts to oscillate in the 
cross flow direction. In fact, the vortex shedding frequency is locked onto the natural 
frequency of the cylinder and keeps to be the same as the natural frequency until Vr is 
about 7. The phenomenon that the cylinder vibrates in the natural frequency instead of the 
frequency based on the Strouhal law is called “lock-in” phenomenon (Feng, 1968). The 
“lock-in” is also known as resonance or synchronization. The maximum amplitude of 
0.55D was achieved at a reduced velocity of about 6.3. Two response amplitudes 
corresponding to a specific reduced velocity in Figure 2.3 in the range of 6<Vr<6.5 is due 
to the effect of hysteresis. It is found that the response amplitude in this range of reduced 
velocity depends on how the lock-in is achieved. If the lock-in is achieved by increasing 
the reduced velocity gradually from zero in the experiments, higher response amplitude 
can be achieved than if the lock-in is achieved by decreasing the reduced velocity 
gradually from a large value. The phase angle between the leading fluctuating lift force and 
cylinder‟s displacement also shows a hysteresis effect as well in the hysteresis region. 
2.2.1.2 Low mass-damping system  
 When a cylinder is placed in water and air bearings are used to reduce the structural 
damping in the laboratory experiment, the setup is considered to be low mass-damping 
system (Khalak and Williamson, 1996). Study of VIV of a low mass-damping system is 
relevant to the flow induced vibration of offshore oil and gas structures in water flows. 
Khalak and Williamson (1996) studied the VIV of a flexibly mounted cylinder with very 
low mass-damping system, where the mass-damping is more than one order of magnitude 
smaller than those in previously conducted experiments such as Feng‟s experiments in 
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1968. It was found that the response of the low mass damping system is different from that 
of the high mass damping system. The natural frequency measured in water was commonly 
used in the studies of VIV of a low mass damping system. In this thesis, the reduced 
velocity (Vrw) based on the natural frequency in water is defined as 
                                                       
Df
U
V
nw
rw                                                  (2.7)                                                                                 
where the fnw is the natural frequency measured by allowing the cylinder to vibrate freely 
in still water with an initial displacement. In the case of low mass ratio, the frequency of 
vibration in the lock-in range may not be exactly the same as the natural frequency of the 
system measured in water. The classic definition of lock-in states that the frequency of 
vortex shedding and the oscillation of a body collapse into a single frequency, which is 
close to the natural frequency of the body (Sarpakaya and Isaacson, 1981). Khalak and 
Williamson (1996) and Brankovic (2004) found that bodies can oscillate with large 
amplitudes in fluid flow even the oscillation frequency is not close to the natural frequency 
of the body. The response frequency is different from the natural frequency because they 
used the natural frequency in water, which is obviously lower than the structural natural 
frequency at low mass ratio. The effect of m  on the system‟s response can be seen in 
Figure 2.4 where the results by Khalak and Williamson (1997) and Feng (1968) are plotted 
together. The *m  of the former experiments are less than 3% of that of the latter. 
Compared with that of the high mass damping system, the lock-in range of the low mass-
damping system is increased by about four times, and the oscillation frequency does not 
exactly match the natural frequency. The maximum amplitude of the low mass-damping 
system is also higher.  
Williamson and Govardhan (2004) analysed the work by Williamson and Roshko 
(1988) and identified different vortex structures in the wake of a freely vibrating cylinder. 
They found that the vortex shedding patterns in different response branches are different. 
The reduced velocities can be divided into two branches at high mass-damping ratio, the 
initial branch, where the response increases with increasing velocity and the lower branch, 
where the response amplitude decreases with increasing velocity. Khalak and Williamson 
(1997) found another intermediate branch with larger amplitudes between the initial and 
lower branches, the “upper branch” in the low mass-damping system. Khalak and 
Williamson (1997) and Laneville (2006) concluded that the jump of vibration amplitude 
from the initial branch to the lower branch corresponds to a vortex shedding pattern 
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changing from 2S to 2P mode. Herein, 2S indicates that two single vortices are formed and 
shed from the cylinder per cycle of vibration and 2P mode stands for that two pairs of 
vortices are shed from the cylinder in one cycle of vibration. The 2S mode was found in 
the initial branch and the 2P in the upper and lower branches. The jumps between the three 
branches were associated with changes in the phase angle between the motion and 
excitation force. A third pattern, the P+S (1 single+1 pair of vortices per cycle) appeared 
initially only in the forced vibrations. Figure 2.5 shows the vortex mode map, in which the 
vortex structures in the wake of a circular cylinder, appears as a function of the reduced 
velocity and the response amplitude.  Govardhan and Williamson (2000) suggested that the 
shape of the structure also affects the response regime of the reduced velocity.  
 
 
Figure 2.4: The amplitude response of a flexibly mounted cylinder. +, Khalak and 
Williamson (1997) with m = 0.013 in water; circular symbols, Feng (1968) with m = 
0.36 in air  
 
Khalak and Williamson (1997) measured the lift coefficient and drag coefficient of a 
circular cylinder vibrating in fluid flow. They found that the maximum drag coefficient 
was about 5.2 and the mean drag coefficient was around 3.5, which are much higher than 
their counterparts of a stationary cylinder. The maximum root mean square (r.m.s) lift 
coefficient is about 2, five times that of a stationary cylinder. The maximum lift coefficient 
occurs at the boundary between the initial and upper branch (Khalak and Williamson, 
1997). 
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A number of numerical studies have also been conducted to investigate VIV of a 
cylinder in fluid flow. Guilmineau and Queutey (2002) carried out numerical simulations 
of vortex-induced vibration of a circular cylinder with low mass-damping in a turbulent 
flow by solving the incompressible two-dimensional (2D) Reynolds-Averaged Navier-
Stokes (RANS) equations. They demonstrated that the 2D RANS model can provide 
satisfactory numerical results of VIV amplitude and frequency. Zhao and Cheng (2011) 
conducted numerical simulations of two-degree-of-freedom vortex induced vibration of a 
circular cylinder close to a plane boundary. The Reynolds-Averaged Navier-Stokes 
(RANS) equations are solved using the Arbitary Lagrangian Eulerian (ALE) scheme with a 
k-ω turbulence model closure. 
 
Figure 2.5: Vortex patterns in the wake of circular cylinder, from Williamson & 
Govardhan (2004) 
 
Mittal and Kumar (1999, 2000, 2001) and Singh and Mittal (2005) simulated VIV of a 
circular cylinder at a low mass ratio and low Reynolds numbers. It was found that the 
effects of the Reynolds number on the VIV are significant. Vibration of a circular cylinder 
in steady flow close to a plane boundary is also investigated due to its engineering 
importance (Fredsøe et al., 1985; Gao et al., 2006; Yang et al., 2008, 2009; Zhao and 
Cheng, 2011). It was found that the plane boundary had significant effects on the vibration. 
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Mittal and Kumar (1999) discovered the so-called “soft-lock-in” phenomenon where 
the vortex-shedding frequency of the oscillating cylinder did not exactly match the natural 
frequency through a numerical simulation of 2DOF VIV of a circular cylinder at a 
Reynolds number of 325. Prasanth et al. (2006) studied the effects of the blockage on the 
VIV of a circular cylinder for Reynolds numbers less than 150 numerically. Li et al. (2011) 
captured the nonlinear phenomenon of lock-in, the beating and the phase-switch (the phase 
difference between the lift force and the displacement in the cross-flow direction changing 
from 0° to 180°) by simulating the VIV of a circular cylinder at Re =200 numerically. Ji et 
al. (2011) studied the VIV modes of a circular cylinder at low Reynolds numbers and the 
effects of Skop–Griffin parameter (SG) on the cylinder response. 
Some three-dimensional simulations of VIV in the turbulent flow regimes have also 
conducted, but still at relatively low Reynolds numbers in the turbulent wake flow regime 
(Lucor et al., 2005, Navrose and Mittal, 2013; Zhao et al., 2014). The 3D numerical 
simulations for Re=1000 by Lucor et al. (2005) and Zhao et al. (2014) predicted the lock-in 
range of reduced velocity well but underestimate the maximum vibration amplitude 
compared with the experimental data, which were measured at much higher Reynolds 
numbers. 
2.2.2 Two degrees of freedom VIV 
While, extensive studies have been carried out on the one-degree-of-freedom (1DOF) VIV 
of a circular cylinder in the transverse direction of the flow, recent research on VIV of 
rigid cylinders has moved to two-degree-of-freedom (2DOF) VIV of a cylinder in both the 
in-line and transverse directions of the flow. Jauvtis and Williamson (2004) carried out an 
experimental study of 2DOF VIV, where the natural frequencies of cylinder in the in-line 
and transverse directions were the same. They found allowing the cylinder to oscillate 
simultaneously in the in-line and transverse directions of the flow changed the response 
branches, the forces and vortex the wake mode. For cylinders with mass ratios lower than 6 
i.e. ( 6m ) they found a new response branch with peak amplitudes considerably greater 
(around 1.5 diameters) than that in the 1DOF VIV. The vortex structure in the wake is 
found to be in 2T mode as the response amplitude reaches its maximum value. The 2T 
mode stands for that two triplets of vortices are shed from the cylinder in one vibration 
period.  Jauvtis and Williamson (2004) and Blevins and Coughran (2009) found that XY-
trajectory of the circular cylinder is dependent on the reduced velocity in the 2DOF VIV. 
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Laneville (2006) found that the 2S and 2P vortex shedding modes are influenced by the X-
Y motion of the circular cylinder and the degree of this effect is related to the time 
derivation of the motions. 
Govardhan and Williamson (2000, 2006) and Sanchis et al. (2008) carried out mode 
analysis about two-degree-of-freedom vortex-induced vibration of a circular cylinder. The 
response amplitude was found to be influenced by the so called Skop-Griffin parameter 
which is proportional to the product of mass and damping (Griffin et al., 1975; Khalak and 
Williamson, 1999; Sarpakaya, 1979, 1995; Govardhan and Williamson, 2000, 2006). 
Govardhan and Williamson (2006) found that the data collapse very well if the effect of 
Reynolds number is taken into account as an extra parameter in the modified Griffin plot. 
Jeon and Gharib (2001) conducted an experimental study of VIV of a circular cylinder 
with one- and two-degree-of-freedoms in a low speed water tunnel. They used Digital 
Particle Image Velocimetry (DPIV) to identify the vortex structures in the wake and strain 
measurements to measure the forces. They found several qualitative differences between 
the one- and two-degree-of-freedom vibrations. It was found that the addition of 
streamwise motion also resulted in qualitative changes in the wake and the most dramatic 
is the disappearance of the pairing mode. Numerical studies on 2DOF VIV are relatively 
fewer than those on 1DOF VIV. Zhao et al. (2011) reported that the predicted VIV 
amplitude by two-dimensional Reynolds-Averaged Navier-Stokes equations agreed very 
well with the experimental data.   
2.2.3 VIV of a circular cylinder in oscillatory flow 
In the offshore oil and gas engineering, waves are often modelled by oscillatory flows 
when hydrodynamics around small scale cylindrical structures are investigated. Studies 
have shown that hydrodynamic forces and flow characteristics around a circular cylinder in 
a sinusoidal oscillatory flow are dependent on the Keulegan-Carpenter (KC) number, 
which is defined as: 
                                                               DTUKC m /                                                  (2.8) 
Extensive research about oscillatory flow around a fixed circular cylinder has been carried 
out (e.g. Bearman et al., 1985; Williamson 1985a; Obasaju et al., 1988; Justesen 1991; An 
et al., 2009, 2011).  
When KC is sufficiently small, the boundary-layer around the cylinder surface is 
laminar and the flow is two-dimensional. As the KC number increases, the flow in the 
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laminar boundary layer becomes unstable and the flow becomes three-dimensional. Vortex 
shedding occurs at large KC numbers, resulting in hydrodynamic lift forces in the 
transverse direction of the flow. Williamson (1985a) experimentally visualized flow 
characteristics around a circular cylinder in an oscillatory flow with KC numbers ranging 
from 4 to 30. It was observed that the number of vortex pairs that were shed from the 
cylinder in one flow period increased with increasing KC number. The oscillatory flow 
around a circular cylinder was classified according to the pairs of the vortices that are shed 
from the cylinder in one period of the oscillatory flow. The identified flow modes are: 
transverse street (7 <KC < 13), single pair (13 <KC <15), double pair (15 <KC < 24), three 
pairs (24 <KC< 32) and four pairs (32 <KC <40) vortex shedding regimes. Govardhan and 
Williamson (2006) also found the relationship between vortex motions and time-dependent 
lift-force variations in each vortex shedding regime.  
Kozakiewicz et al. (1997) and Sumer and Fredsøe (1988) carried out experiments of 
1DOF vibration of an elastically mounted cylinder exposed to an oscillatory flow in the 
cross-flow direction. The experimental results show that the response pattern at a constant 
KC number varies with the reduced velocity. One of the typical characteristics of the 
response in the oscillatory flow is that the vibration frequency is multiple of the oscillatory 
flow frequency. Kozakiewiz et al. (1992) and Sumer et al. (1994) studied the spanwise 
correlation of a vibrating cylinder in oscillatory flow and found that the maximum 
correlation is attained when the vibrations are in the lock-in regime. Some numerical 
studies were also carried out to study the VIV of a circular cylinder in an oscillatory flow. 
Guilmineau and Queutey (2002) simulated numerically the vortex shedding flow in the 
wake of a circular cylinder undergoing forced cross-flow vibrations. Anagnostopoulos and 
Iliadis (1998) carried out a numerical study on the 1DOF VIV of a circular cylinder in the 
stream wise direction and found that the response of the cylinder was amplified 
significantly if the oscillatory flow frequency is close to the natural frequency of the 
cylinder. Zhao et al. (2012) simulated 1DOF VIV of a cylinder in oscillatory flows at 
KC=10 and 20 numerical and found that the response of the cylinder had more than one 
frequency component as the reduced velocity exceeded 8.  
2.2.4 VIV of a circular cylinder close to a plane boundary 
In many engineering applications, the cylinder is installed in proximity of a plane 
boundary, such as sub-sea pipelines laid on the seabed. The flow field around the cylinder 
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will be affected by the existence of the boundary. For a fixed cylinder, it has been 
demonstrated that the vortex shedding will be suppressed if the cylinder-to-boundary gap is 
small enough (Bearman and Zdravkovich, 1978; Bearman and Wadcock, 1973; Taniguchi 
and Miyakoshi, 1990; Buresti and Lanciotti, 1992; Lei et al., 1999). Obviously it is 
anticipated that VIV of a cylinder in proximity of a plane boundary will be affected by the 
boundary. The studies by Tsahalis and Jones (1981) and Tsahalis (1984) of VIV of a 
circular cylinder close to a plane boundary showed that the cylinder undergoes an oval-
shape motion, in contrast to the common eight-shaped track in uniform flow if the gap 
between the cylinder and the plane boundary is equal to the cylinder diameter. 
Jacobsen et al. (1984) and Tsahalis (1984) studied vibration of a flexible cylinder near 
a plane boundary in combined waves and currents. Gao et al. (2006) and Yang et al. (2008) 
found that the unevenness of the seabed due to erosion has significant influence on the 
vibration behaviour of a sub-sea pipeline. Zhao and Cheng (2011) conducted a numerical 
investigation of 2DOF vortex-induced vibration of a circular cylinder close to a plane 
boundary. The Reynolds-Averaged Navier–Stokes (RANS) based numerical model is 
validated against experimental data of VIV of a circular cylinder in uniform flow and VIV 
of a circular cylinder close to a plane boundary at low mass ratios (Zhao and Cheng, 2011).  
 
2.2.5 VIV of flexible circular cylinders 
Vortex induced vibrations (VIV) of a long, flexible cylinder is encountered in a great 
variety of physical problems, from the aeolian vibrations of hanging strings in the air, to 
the vibrations of cables and risers placed within ocean currents. Since 1960‟s the offshore 
industry has been involved in research with the aim of improving the design of offshore 
structures and risers. During the 1980‟s when the high speed currents were found in deep 
waters in the areas such as the Gulf of Mexico or the Brazilian coast where the water depth 
is up to 3000m, better understanding of the VIV phenomenon become urgent (Richardson 
et al., 2004). In the last 40 years of exploration of offshore oil and gas, the water depths at 
production fields have increased from 100 m to more than 3000 m. The possible fatigue 
damage resulting from VIV on the slender cylindrical offshore structures and the 
significantly increased drag forces require a careful calculation and prediction of the 
responses, and often the use of vortex-suppressing devices.  
As discussed in previous section, lock-in can occur over a range of incoming flow 
velocities, and the vortex shedding frequency can be far different from the Srouhal 
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frequency. Brika and Laneville (1993) studied VIV of a flexible cylinder in uniform flow 
in its first mode in the cross flow direction. They found the existence of different vortex 
shedding modes at lock-in, similar to those observed behind rigid cylinders. Peltzer and 
Rooney (1985) studied the wake of a cable forced to oscillate in the cross-flow direction 
within a linearly sheared flow. As in the case of an oscillating rigid cylinder, increasing the 
amplitude of vibration induces a larger spanwise lock-in region (Stansby, 1976). 
Field and laboratory experiments on long, flexible cylinders in sheared flows 
highlighted the nature of vibrations, involving multiple frequencies of response (Trim et al. 
2005; Lie and Kaasen, 2006; Jaiswal and Vandiver, 2007; Vandiver et al., 2009). These 
studies have mainly focused on the qualification of the structure response, but did not 
provide information concerning the wake. Chaplin et al. (2005) and Huera-Huarte and 
Bearman (2009) performed laboratory experiments on the VIV of flexible cylinders in 
stepped currents. Chaplin et al. (2005) reported a range of excited wavenumbers in the in-
line and cross-flow directions.  
For a flexible cylinder responding in its first structural mode in both the in-line and 
cross-flow directions, Huera-Huarte and Bearman (2009) observed a well-defined 
synchronization between in-line and cross-flow motions at lock-in and reported much 
larger drag coefficients than those in the case of a stationary cylinder. Some numerical 
studies have been carried out on the VIV of flexible cylinders. Facchienetti et al, (2004), 
Mathelin and de Langre (2005), Violette et al. (2007) modelled the fluid excitation by 
means of an empirical representation of the flow through a distribution of wake oscillators 
and reported good agreement of this model with direct numerical simulations. Newman 
and Karniadakas (1997) and Evangelinos and Karniadakis (1999) examined the VIV of a 
cylinder of a length-to-diameter aspect ratio 4  in uniform flow at Reynolds numbers of 
100, 200 and 1000. The aspect ratio (L/D) is the relation between the length (L) and 
diameter (D) of the cylinder. These works provided a detailed analysis of the wake pattern 
and revealed the influence of the nature of the vibration (standing and travelling wave) on 
the vortical structure development. In these studies, lock-in was observed along the entire 
span. Evangelinos and Karniadakis (1999) considered a flexible cylinder of the incoming 
flow with a maximum Reynods number of 100, and reported a mixed standing travelling 
wave response. The cases of long flexible cylinders of length-to-diameter aspect ratios 
greater than 500, allowed to oscillate in the cross-flow direction only in sheared flows, has 
been investigated by Lucor et al. (2001) by means of direct numerical simulations. In a 
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linear shear flow, Lucor et al. (2001) reported a region of lock-in located in the high 
velocity zone. Lucor et al. (2001) compared the cross-flow vibrations induced by linear 
and exponential shear flows and identified, in particular, a larger vibration bandwidth in 
the latter case. However, no analysis concerning the wake pattern, fluid structure and 
energy exchange was provided. The study of literature reveals that there is still a lack of 
understanding for long flexible cylinders undergoing VIV. The vortex structures in the 
wake for long, flexible cylinders have not been well investigated for high aspect ratio 
cylinders undergoing high mode VIV. In some laboratory experiments, VIV of flexible 
cylinders at low response modes are studied (Huera-Huarte and Bearman, 2009, Huera-
Huarte and Gharib, 2011a, 2011b).  
 
2.2.6 VIV of two circular cylinders 
The research of flow past multiple cylinders has been mainly focused on flow past two 
cylinders in different arrangements. Many studies of flow past two cylinders in a side-by-
side arrangement found the biased flow regime when the gap between the cylinders is 
small (Kim and Durbin, 1988; Alam et al., 2003).  Numerical studies of flow past two side-
by-side cylinders have also been conducted and the numerical results of the biased flow 
through the gap between the two cylinder were found to have a close agreement with the 
experimental data (Afgan et al., 2011; Thapa et al., 2015).  
When two cylinders are in a tandem arrangement in a fluid flow, the type of 
interference is wake interference, where the wake of the upstream cylinder touches the 
downstream one (Zdravkovich, 1987). Carmo and Meneghini (2006) investigated 
incompressible flow around pairs of circular cylinders in tandem arrangements. The 
spectral element method is employed to carry out two- and three-dimensional simulations 
of the flow. A few systematic studies have been conducted to understand vortex-induced 
vibration problems involving two cylinders (Zdravkovich, 1985; Bokaian and Geoola, 
1984; King and Johns, 1976; Brika and Laneville, 1999). When the cylinders are well 
separated, the downstream cylinder undergoes wake-induced galloping (Assi et al., 2006; 
Jester and Kallinderis, 2004). Mahir and Rockwell (1996) have shown that two cylinders 
subjected to forced oscillation can generate locked-in patterns of vortices over a range of 
excitation frequencies. 
Huera-Huarte and Gharib (2011a) conducted laboratory experiments of VIV of two 
side-by-side flexible cylinders at low mass ratios. It was found that the motions of the two 
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cylinders are not synchronized if the centre-to-centre distance between the two cylinders is 
greater than 3.5 diameters. Assi et al. (2006) conducted VIV of an elastically mounted 
cylinder in the wake of a fixed identical cylinder and found that when the gap between the 
two cylinders is between 3 to 5.6 diameters, the vibration is in a galloping-like pattern. 
Kim et al. (2009) studied VIV of two elastically mounted cylinders in a tandem 
arrangement and found five response regimes, depending on the distance between the two 
cylinders. 
A number of numerical studies on VIV of two cylinders were focused on low 
Reynolds numbers. Mittal and Kumar (2000) carried out two-dimensional simulations for 
two elastically mounted cylinders in tandem for Re = 100 and L/D = 5.5, where L is the 
distance between the cylinder centres. Jester and Kallinderis (2004) simulated two-
dimensional free vibrations for the tandem configuration for Re = 1000 and L/D = 5. For 
such spacing of L/D = 5 the flow will fall into the wake interference region as classified by 
Zdravkovich and Pridden (1977). Therefore, the upstream cylinder behaves as an isolated 
single cylinder, while the downstream cylinder experiences large flow-induced vibration 
over a wide range of flow velocities.  
 
2.2.7 VIV of four circular cylinders  
When four cylinders are placed in a fluid flow in an inline square arrangement, the 
vortex shedding from them can be either in-phase or anti-phase pattern when the centre-to-
centre spacing ratio is greater than 2 (Sumner, 2010). The vortex shedding is generally 
dominated by the anti-phase flow pattern at small spacing ratios and the dominance of the 
anti-phase flow weakens with the increase of spacing ratio (Sumner, 2010). It has also been 
found that the in-phase vortex shedding may eventually lead to the formation of a binary-
vortex street, as reported by Williamson (1985b). A number of experimental studies have 
been conducted to understand the wake flow patterns for flow past four cylinders. Sayers 
(1990) measured vortex shedding frequency for flow past four cylinders and found that a 
small change in the flow incident angle may lead to a sudden change in the vortex 
shedding frequency. Lam and Lo (1992) conducted Particle Image Velocimetry (PIV) tests 
of steady flow around four cylinders in an inline square arrangement and discovered a 
biased flow pattern in the wake of four cylinders for spacing ratios less than 1.7. Lam and 
Fang (1995) conducted extensive measurements of the forces on four cylinders in fluid 
flow. The PIV technique was also used in some experimental studies of flow past four 
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cylinders to identify the wake flow features (Lam et al., 2003, Lam and Zou, 2007, 2009, 
Wang et al., 2013). It was found that the wake flow for four cylinders in an inline square 
arrangement can be generally classified into following three regimes: the shielding regime 
for spacing ratio less than 2, the shear layer reattachment regime for spacing ratios between 
2.5 and 3.5 and the vortex impinging regime for spacing ratios greater than 4.  
Flow past four cylinders in an inline arrangement is also well studied by numerical 
simulations. Farrant et al. (2000) and Han et al. (2013) simulated flow past four cylinders 
in an inline square arrangement at a low Reynolds number of 200. The in-phase and out of 
phase vortex shedding patterns were well predicted in these numerical simulations. Lam et 
al. (2008), Lam and Zou (2010) and Tong et al. (2013) conducted three-dimensional 
numerical simulations to investigate the three-dimensionality of the flow. Oscillatory flow 
past four cylinders in a square arrangement was also studied numerically due to its 
engineering importance (Anagnostopoulos and Dikarou, 2011; Tong et al., 2015). While 
flow past four cylinders has been studied extensively, the studies of the VIV of four 
cylinders in fluid flow are very rare.  
While studies on flow past four cylinders are many, few studies have been reported for 
VIV of four cylinders.  Zhao and Cheng (2012) studied response of four cylinders in a 
square arrangement with a constant spacing ratio of 3 and various flow approaching angles 
numerically. The lock-in regime of the four cylinders was found to be affected 
significantly by the flow approaching angle.  
 
2.2.8 Sheared flow and tapered cylinders  
The interaction of spanwise shear flow with a uniform cylinder or the interaction of 
uniform flow with a tapered cylinder have also attracted much attention recently. The flow 
patterns of the two cases (a uniform cylinder in a shear flow and a tapered cylinder in a 
uniform flow) are found to be similar to each other. When a uniform circular cylinder is 
placed in a spanwise shear flow, spanwise cellular wake is the typical wake flow structure 
and vortex shedding frequency changes at the boundary between two cells 
(Balasubramanian, et al., 1998; Kappler et al., 2005; Silvestrini and Lamballais, 2004; 
Parnaudeau et al., 2007). The cellular wake flow was also found in the wake of a tapered 
cylinder in a uniform flow. Gaster (1969) performed experiments on cones with taper ratio 
of 36:1 and 18:1 and highlighted some of the fundamental characteristics of the vortex 
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shedding. Low frequency modulation was found along the whole length of the body and 
the shedding frequency at a specific position appeared to be a function of the local 
diameter. The resulting vortex shedding occurred in cells with different frequencies. The 
VIV of a uniform cylinder in a spanwised shear flow has been studied numerically by Zhao 
(2015) and it was found that in the lock-in regime, the vortex shedding frequency and the 
frequency of the lift coefficient synchorize along the cylinder span. By conducting an 
experimental study of forced vibration of a tapered cylinder in a uniform flow, Techet et al. 
(1998) also found the synchronization of the vortex shedding frequency along the cylinder 
span in a certain range of the vibration frequency of the cylinder. Zeinoddini et al. (2013) 
investigated VIV of a tapered cylinder in a uniform flow experimentally and found that the 
lock-in range of a tapered cylinder is wider than that of its equivalent uniform cylinder.  
 
2.2.9 Gaps in the research knowledge  
Majority of previous research of vortex-induced vibration has been focused on VIV of 
a single circular cylinder in the cross-flow direction either in steady or oscillatory flow. 
Some investigations of two-degree-of freedom (2DOF) vibration of a cylinder have been 
conducted. VIV of two or four cylinders have also been investigated in some studies. In 
some engineering applications cylinders are sometimes located in complex flows, for 
example combined waves and currents in the ocean environment. Some cylinders are 
elastically connected with each other, forming a multiple degree of freedom system. The 
studies on VIV of a cylinder in complex flow conditions and the studies of multiple 
cylinders are rare.  
 
  
 
Chapter 3  VIV in combined steady and oscillatory flow  
  
25 
 
Chapter Three 
 
Vortex-Induced Vibration (VIV) of a Circular Cylinder 
in Combined Steady and Oscillatory Flow 
 
The focus of this chapter is to investigate the effects of flow ratio, a, on the response 
of the cylinder. The flow ratio is defined as the percentage of the steady flow velocity 
component in the total fluid velocity. Simulations are carried out for a constant Keulegan–
Carpenter (KC) number of 10 and flow ratios ranging from 0 to 1 with an increment of 0.2. 
The reduced velocities for each flow ratio range from 2 to 25 to ensure that the whole lock-
in regime is covered. In the resonance regime, the frequency of the cross-flow vibration 
component is found to lock onto the oscillatory flow frequency or the natural frequency of 
the system, depending on the flow ratio. It locks onto twice the oscillatory flow frequency 
if the flow ratio a≤0.2, and locks onto the natural frequency of the system if a≥0.6. It is 
found that the lock-in regime in the combined steady and oscillatory flow is wider than 
both the one in the pure steady flow and the one in the pure oscillatory flow. The widest 
lock-in regime occurs as the flow ratio is 0.4 and 0.6 and it is about twice as wide as that in 
the pure oscillatory or pure steady flow. The response at a=0.2 is very similar to that in the 
pure oscillatory flow case (a=0), while at a=0.8 the response is very similar to that in the 
pure steady flow case. At a=0.8, the amplitude of the cylinder in the cross-flow direction 
reaches as high as 1.5 diameters in the “super upper” branch because of the slowly varying 
fluid velocity. It is also found that the vortex shedding goes through 2S, 2P and 2T modes 
in one period of oscillatory flow at a=0.8 and Vr=7, where the cross-flow amplitude is the 
maximum. The offshore structures have to withstand the impacts of combined currents and 
waves, which can be modelled by combined steady and oscillatory flows in the numerical 
studies.  
 
3.1 Introduction 
Vortex-induced vibration (VIV) of slender cylindrical structures is of practical interest 
to many fields of engineering. For example, it influences the dynamics of offshore riser 
tubes bringing oil from the seabed to the surface. So far, the research on VIV has been 
mainly focused on VIV of circular cylinders in steady flows.  
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When wave-induced hydrodynamic loads on subsea structures such as pipelines or 
risers are examined, wave motions are commonly modelled as oscillatory flows. Studies 
have shown that hydrodynamic forces and flow characteristics around a circular cylinder in 
a sinusoidal oscillatory flow are dependent on the Keulegan-Carpenter (KC) number, 
which is defined as KC=UmT/D. D is the diameter of the cylinder. When KC is sufficiently 
small, the boundary-layer around the cylinder surface is laminar and two-dimensional. As 
the KC number increases, the flow in the laminar boundary layer becomes unstable and the 
flow becomes three-dimensional. Vortex shedding occurs at large KC numbers, resulting in 
hydrodynamic lift forces in the transverse direction of the flow. Williamson (1985a) 
experimentally visualized flow characteristics around a circular cylinder in an oscillatory 
flow with KC numbers ranging from 4 to 30. It was observed that the number of vortex 
pairs that were shed from the cylinder in a flow period increased with increasing KC 
number. The oscillatory flow around a circular cylinder was classified into the pairing of 
attached vortices, transverse street (7 <KC < 13), single pair (13 <KC <15), double pair (15 
<KC < 24), three pairs (24 <KC< 32) and four pairs (32 <KC <40) vortex shedding 
regimes, based on the number of vortex pairs that are shed during flow period. Govardhan 
and Williamson (2006) also found the relationship between vortex motions and time-
dependent lift-force variations in each vortex shedding regime. Kozakiewicz et al. (1997) 
and Sumer and Fredsøe (1988) carried out experiments of 1DOF vibration of an elastically 
mounted cylinder exposed to an oscillatory flow in the cross-flow direction. The 
experimental results show that the response pattern at a constant KC number varies with 
the reduced velocity. One of the typical characteristics of the response in the oscillatory 
flow is that the vibration frequency is multiple of the oscillatory flow frequency. 
Kozakiewiz et al. (1992) and Sumer et al. (1994) studied the spanwise correlation of a 
vibrating cylinder in oscillatory flow and found that the maximum correlation is attained 
when the vibrations are in the lock-in regime.  
Some numerical studies of VIV of a cylinder in oscillatory flow have also been 
conducted. Guilmineau and Queutey (2002) simulated the vortex shedding from a circular 
cylinder undergoing forced cross-flow vibration. Anagnostopoulos and Iliadis (1998) 
carried out numerical study on the 1DOF VIV of a circular cylinder in the streamwise 
direction and found that the response of the cylinder was amplified significantly if the 
oscillatory flow frequency is close to the natural frequency of the cylinder. Zhao et al. 
(2011, 2012) simulated 1DOF VIV of a cylinder in oscillatory flows at KC=10 and 20 and 
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found that the response of the cylinder had more than one frequency components as the 
reduced velocity exceeded 8.  
The offshore structures have to withstand the impacts of combined currents and 
waves, which can be modelled by combined steady and oscillatory flows in the numerical 
studies. In this chapter, VIV of a circular cylinder in the combined steady and oscillatory 
flow at a low mass ratio of 2.5 is investigated numerically. The fluid flow is simulated by 
the two-dimensional Reynolds-averaged Navier-Stokes (RANS) equations and the shear 
stress transport (SST) k-ω turbulence model (Menter, 1994) is used to simulate the 
turbulence.  
 
3.2 Numerical method 
Vortex-induced vibration of a circular cylinder in the combined steady and oscillatory 
flow as shown in Figure 3.1 (a) is considered. The fluid velocity u(t) in the combined flow 
is expressed as 
                                      )/2cos()( TtUUtu mc                                           (3.1) 
where t is time, Uc is the steady flow velocity. respectively.  
The governing equations for simulating the turbulent flow are the unsteady two-
dimensional incompressible Reynolds-Averaged Navier-Stokes (RANS) equations. In this 
study, the Arbitrary Lagrangian Eulerian (ALE) scheme (Hirt, Amsden, Cook, 1974) is 
applied to deal with the moving boundaries of the cylinder. The velocity, length, time and 
pressure are non-dimensionlized by (Zhao et al., 2013) 
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respectively, where x1 = x and x2 = y are the Cartesian coordinates in the in-line and 
transverse directions of the flow, respectively, D is the diameter of the cylinder, ui is the 
fluid velocity component in the xi direction, p is the pressure, ρ is the fluid density, ν is the 
kinematic viscosity and fn is the structural natural frequency of the cylinder system. The 
tildes over the symbols in Eq. (3.2) denote the dimensional variables. The non-dimensional 
incompressible RANS equations can be expressed by 
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 Figure 3.1:  (a) Computational domain; (b) Computational mesh close to the cylinder 
surface  
 
where iuˆ  
is the velocity of the mesh movement, Re is the Reynolds number defined by 
Re=(Uc+Um)D/ν and Vr is the reduced velocity defined by Vr=(Uc+Um)/(fnD). The 
normalization for the RANS equations results in the non-dimensional combined free-
stream velocity (nondimensional Uc+Um) equaling to the reduced velocity and the non-
dimensional vibration frequency of nfff /  with f   being the dimensional vibration 
frequency. The Reynolds stress tensor jiuu   is computed by  
(b)
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where t  is the turbulent viscosity and k is the turbulent energy. The shear stress transport 
(SST) k-ω turbulence model (Menter, 1994) is used for modelling the turbulence. It was 
found that the SST k-ω model gives a good prediction of the adverse pressure gradient 
flows. The RANS equations are discretized by the Petrov-Galerkin Finite Element Method 
(FEM) developed by Zhao et al. (2007). In the Petrov-Galerkin FEM, the standard 
Galerkin weighting functions are modified by adding a streamline upwind perturbation, 
which acts only in the flow direction (Brooks and Hughes, 1982). A rectangular 
computational domain of a non-dimensional width of 60 and a height of 40 is discretized 
into finite elements. Figure 3.1 (b) shows the computational mesh in the vicinity of the 
cylinder. The surfaces of the cylinder are assumed to be smooth, where no-slip boundary 
condition is imposed. Specifically, the fluid velocity along the cylinder surface is the same 
as the vibrating speed of the cylinder.  
On the cylinder surface, the turbulent energy k is zero and the specific dissipation rate 
ω is given at the nodal points next to the wall surface as 
2
1Re/6  , where Δ1 is the 
distance from the wall. The inlet velocity boundary conditions are set as rVu  , 0v . The 
non-dimensional turbulence quantities is 
2001.0 rVk   and 1 (Guilmineau and Queutey, 
2004) at inlet boundary. At the outflow boundary, the gradients of fluid velocity and 
turbulent quantities in the direction normal to the boundary are set to be zero. Pressure at 
the outflow boundary is given a reference value of zero. The two-degree-of-freedom 
equation of the motion for the displacements of the cylinder system is given by 
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where XX 1 and YX 2 are the cylinder displacements in the x-direction and the y-
direction respectively. The mass ratio m
*
, the structural damping ratio ζ and the force 
coefficient CFi are defined as 
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where m is the mass  of the cylinder, md the displaced fluid mass, c the structural damping 
constant, K is the structural stiffness and iF  the hydrodynamic force on the cylinder in the 
ix  direction. In this study the structural stiffness in the x-direction is the same as that in the 
y-direction, and the structural damping ratios in both the x- and y-directions are set to be 
zero. The temporal integration of Eq. (3.7) is performed numerically by the fourth-order 
Runge-Kutta algorithm. After each computational time step, the boundary of the 
computational domain changes because of the displacement of the cylinders. The positions 
of finite element nodes are moved accordingly by solving the modified Laplace equation 
(Zhao and Cheng, 2011) 
                                                  0 iS ,                                                   (3.8)                                                                                                                     
where iS  represents the displacement of the nodal points in the ix  direction, and γ is a 
parameter that controls the mesh deformation. In order to avoid excessive deformation of 
the near-wall elements, the parameter γ in an finite element is set to be A/1 , with A 
being the area of the element. The displacement of the mesh nodes is the same as the 
displacement of the cylinder on the cylinder surface and zero on other boundaries. By 
giving the displacements at all the boundaries, Eq. (3.8) is solved by a Galerkin FEM. 
Initially, the velocity and the pressure are zero in the whole computational domain and the 
cylinder‟s displacement and velocity are zero in all the simulations.  
3.3 Numerical results 
2DOF VIV of a circular cylinder in the combined steady and oscillatory flow at a 
constant KC number of 10. The KC number is kept constant as, we considered the non-
dimensional study case for the VIV of combined steady and oscillatory flow. The vibration 
is affected by a number of parameters including KC number, Reynolds number and Vr and 
flow ratio and a constant mass ratio of 2.5 is simulated numerically. The study is focused 
on the effects of the flow ratio on the response of the cylinder. The flow ratio a is defined 
as a=Uc/(Uc+Um). The Reynolds number is fixed to be 5000 in all the simulations. 
Simulations are carried out for the reduced velocities ranging from 2 to 25 with an interval 
of 1 and the flow ratios ranging from 0 to 1 with an interval of 0.2. The damping factor of 
the cylinder is equal to zero in the numerical simulation. Figure 3.1(a) and 3.1(b) shows the 
non-dimensional computational domain and the computational mesh near the cylinder. The 
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60 long and 40 wide nondimensional computational domain is divided into 20946 
quadrilateral linear finite elements. Refined elements are used near the cylinder surface in 
order to model the boundary layer flow accurately. The circumference of the cylinder is 
divided into 96 nodes and the non-dimensional minimum mesh size in the radial direction 
is 0.0008. The computational time step Δt is chosen based on the criteria VrΔt/D=0.001. 
The mesh dependency study has been carried out and it has been found that further 
increase in the mesh density makes little change on the numerical results.  
3.3.1 Comparison with the experimental data 
The numerical results of the VIV of a circular cylinder in the pure steady flow are 
compared with the experimental data by Jauvtis and Williamson (2004) in Figure 3.2. Two 
reduced velocities are defined in this study. The reduced velocity based on the structural 
natural frequency Vr is defined as DfUUV nmcr /)(  , and the reduced velocity based on 
the natural frequency in water Vrw is defined as DfUUV nwmcrw /)(  . In order to compare 
the numerical results with the experimental data straightforwardly, the response of the 
cylinder is plotted against the reduced velocity that is based on the natural frequency in 
water. The relationship between the natural frequency in water (fnw) and the structural 
natural frequency is )/( ** mCmff Annw  , where CA=1 is the added-mass coefficient 
(Sumer and Fredsøe, 1997). The vibration amplitudes are defined as 
DXXAx 2/)( minmax   
and DYYAy 2/)( minmax  , where Xmax and Xmin are the 
maximum and the minimum displacements in the x-direction in 10 periods of oscillatory 
flow (10 periods of vibration in the pure steady current case, i.e. a=1), and Ymax and Ymin 
are the corresponding values in the y-direction. In the experiments by Jauvtis and 
Williamson (2004), the mass ratio was 2.6 and the mass-damping parameter is 
(m
*
+CA)ζ=0.013. The Reynolds number in the experiments by Jauvtis and Williamson 
(2004) increases with increasing reduced velocity with a Reynolds number to reduced 
velocity ratio of about 1000.  
By using the increasing velocity condition a “super upper” branch is observed where 
the amplitudes in the cross-flow direction reached 1.5 cylinder diameters (Jauvtis and 
Williamson, 2004). The “super upper” branch can only be achieved by increasing the 
velocity gradually in the experiments. The numerical model used in this study is exactly 
the same as that used in Zhao et al. (2011). Zhao et al. (2011) reproduced the “super upper” 
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branch numerically by increasing the velocity slowly. If the velocity is given a constant 
value at the beginning of the numerical simulation, the “super upper” branch cannot be 
achieved. The present numerical results of the cross-flow amplitude agree well with the 
experimental data, except in the “super upper” branch. The slight difference between the 
numerical results in this study and that in Zhao et al. (2011) is due to the difference in the 
Reynolds number. In this study, the Reynolds number is fixed to be 5000, while the 
Reynolds number in Zhao et al. (2011) ranged from 1000 to 14000. The variation of the 
calculated vibration frequencies is consistent with the experimental data except in the 
“super upper” branch.  
 
 Figure 3.2:   Comparison between the numerical results of 2DOF VIV in the pure steady 
flow with the experimental data 
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Figure 3.3:   Comparison between the numerical results of 2DOF VIV in the pure 
oscillatory flow with the experimental data at KC=10 
 
Figure 3.3 shows the comparison of the calculated response of the circular cylinder in 
the pure oscillatory flow with the experimental data, where Tfw /1  is the frequency of 
the oscillatory flow. In the experiments by Sumer and Fredsøe (1988) and Kozakiewicz et 
al. (1997), the cylinder is mounted on a carriage that oscillated in water tank filled with 
still water. The Reynolds number increases with increasing reduced velocity linearly in the 
experiments. While the aim of this study is to study the effect of the steady to oscillatory 
flow ratio on the vibration only without, the Reynolds number is mantained constant. Since 
no experimental data of 2DOF VIV in the oscillatory flow are available, the experimental 
data of 1DOF VIV in the cross-flow direction are shown in Figure 3.3 for comparison. In 
both 1DOF and 2DOF cases, the maximum vibration amplitude occurs at the reduced 
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(1988) and Kozakiewicz et al. (1997), the vibration frequency of the cylinder is twice the 
oscillatory flow frequency as 4≤Vr≤10, where the vibration amplitude in the cross-flow 
direction is significantly large. In this study the term “lock-in” also applies to the case 
where the cross-flow vibration frequency is the same as or twice the oscillatory flow 
frequency. The cross-flow amplitude as Vr≥7 in the 2DOF VIV is much larger than that in 
1DOF VIV. Outside the lock-in regime (Vr≥13), the vibration amplitude is close to zero 
and the vibration frequency is the same as the oscillatory flow frequency.  
3.3.2 VIV of a cylinder in the combined steady and oscillatory flow    
Figure 3.4 shows the time histories of the displacements of the circular cylinder at 
some typical reduced velocities in the lock-in regime. For each flow ratio, time histories at 
two reduced velocities are presented. When it is in the pure steady flow (a=1) or in the 
pure oscillatory flow (a=0), the circular cylinder always vibrates periodically and 
predominantly at one frequency in the cross-flow direction. However, in the combined 
steady and oscillatory flow (0<a<1), the vibration of the cylinder may become irregular 
especially in the cross-flow direction (Figure 3.4 (f)). Beating is the typical phenomenon 
found at a=0.6 and 0.8. In one oscillatory flow period, the vibration amplitude in the cross-
flow direction increases and decreases periodically at the beating frequency, which 
happens to be the same as the frequency of the oscillatory flow. It is believed that the 
beating occurs because the fluid velocity increases and decreases periodically. If the KC 
number is kept constant, the oscillatory flow velocity component is small and the period is 
large at large flow ratios. The total velocity is always positive because the steady current 
component dominates. The slow variation of the flow velocity with a long period allows 
the change in vibration mode of the circular cylinder (due to the change of the velocity) 
within one period of oscillatory flow as discussed later on. The periodical change in 
vibration mode leads to the beating in the response.  
Figure 3.5 shows the XY-Trajectories of the VIV at typical reduced velocities in the 
lock-in regimes. The “V” shaped trajectory at a=0 and Vr=4 and the "∞" shaped trajectory 
at a=0 and Vr=5 in the pure oscillatory flow are the same as what have been identified by 
Zhao et al. (2011). The vibration trajectories at a=0.2 are similar to those at a=0. However, 
each "∞" trajectory at a=0.2 is asymmetric. The vibration trajectories at a=0.8 and Vr≤10 
are very similar to those at a=1 (the pure steady flow case), where the cylinder mainly 
vibrates in the cross-flow direction.  
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Figure 3.4: Time histories of the displacements of the cylinder (continued on next page) 
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Figure 3.4:  Continued (continued on next page) 
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Figure 3.4:  Continued 
 
 
 
 Figure 3.5:  Trajectories of the vibration 
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Figure 3.6:  Spectra of the displacement in the cross-flow direction 
The vibration amplitude in the in-line direction increases with Vr and is greater than 
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direction has a very small amplitude and higher frequency than the oscillatory flow 
frequency. It can be seen in Figure 3.5 that, for all the cases where a is less than 1, the 
vibration in the in-line direction is more significant than that in the cross-flow direction at 
large reduced velocities. The vibration frequency in the in-line direction is dominated by 
the oscillatory flow frequency as the flow ratio a≤0.8. However, the vibration frequency in 
the cross-flow direction is not the same.  
Fast Fourier Transform (FFT) is applied to analyze the frequency of the vibration 
displacement in the cross-flow direction. The spectra are obtained by performing the FFT 
on at least 10 oscillatory flow periods of the equilibrium numerical results in the combined 
oscillatory and steady flow cases (α≤0.8). Figure 3.6 shows the amplitude spectra of the 
cross-flow displacement for some typical reduced velocities. Four spectra are shown for 
each flow ratio. It can be seen that single distinct peak frequency dominates in each 
spectrum for a=0, 0.8 and 1. The frequency corresponding to the highest peak in a 
spectrum is defined as the primary peak frequency and that corresponding to the secondary 
peak is defined as the secondary peak frequency. It can be seen that the primary peak 
frequency is close to 1 in most of the spectra in Figure 3.6. As a=0.4 and 0.6, where the 
oscillatory flow velocity is close to the steady flow velocity, the spectra are broad-banded 
at some reduced velocities (Figure 3.6 (i), (k) and (o)), indicating the irregularity of the 
vibration.  
Figure 3.7 presents the variation of the vibration frequency with the reduced velocity 
at different flow ratios. It should be noted that, based on the non-dimensionalization 
method shown in Eq. (3.2), the non-dimensional frequency fy in this study is the ratio of 
the vibration frequency to the structural natural frequency. The primary peak frequency 
(the peak frequency with the highest amplitude) is shown in Figure 3.7 if a spectrum has 
more than one peak. Figure 3.8 shows the variation of the vibration amplitude with the 
reduced velocity at different flow ratios. The amplitude in the lock-in regime of Vr is 
generally between 0.6 and 0.7 in the pure steady flow case (a=1). It can be seen in Figure 
3.7  (a) that in the pure oscillatory flow case, the cylinder vibrates at a frequency that is 
either equal to or twice the oscillatory flow frequency, depending on the reduced velocity.  
Kozakiewicz et al. (1997), Sumer and Fredsøe (1988) and Zhao et al. (2012) found 
that a circular cylinder in a purely oscillatory flow vibrates in the cross-flow direction at 
frequencies that are multiples of the oscillatory flow frequency. Zhao et al. (2012) defined 
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the vibration mode according to the frequency of the vibration. If a cylinder vibrates 
predominantly in a frequency the same as the oscillatory flow frequency, the vibration is in 
the single-frequency mode. If the vibration frequency of the cylinder is twice the 
oscillatory flow frequency, the vibration is in the double-frequency mode and the rest may 
be deduced by analogy. In this study, it was found that the vibration of the cylinder 
changes from the double-frequency mode to the single-frequency mode at Vr=10 in the 
pure oscillatory flow case. The vibration amplitude has almost been zero at Vr≥12 and a=1.  
 
Figure 3.7:  Variation of the vibration frequency in the cross-flow direction with the 
reduced velocity  
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At a=0.2, the flow changes from the double-frequency mode to the single frequency 
mode at Vr=11 and the vibration amplitude in the cross-flow direction is still significant as 
Vr is between 11 and 14. At a=0.4, the frequency of the vibration in the cross-flow 
direction is multiple of the oscillatory flow frequency only occasionally. It is in the double-
frequency mode at 9≤Vr≤11 and in the single-frequency mode at Vr=12, 13, 16-18 and 24, 
25. It appears that with the increase in Vr, the vibration frequency in the cross-flow 
direction locks onto the natural frequency (f is close to 1) if it is neither the single-
frequency nor the double-frequency mode. At a=0.6, the characteristic of the vibration that 
the cross-flow frequency is either the single- or double-frequency has totally vanished. 
Instead, the vibration frequency is close to the natural frequency in a regime of Vr which is 
much wider than both that in the pure oscillatory flow case and that in the oscillatory flow 
case. 
 
 
Figure 3.8:  Variation of the vibration amplitudes with the reduced velocity. (continued on 
next page) 
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Figure 3.8:  continued. 
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Although the regimes of Vr for lock-in are different, the variations of amplitudes with 
the reduced velocity at a=0 to 0.8 are very similar to each other. As 0≤a≤0.8, the vibration 
amplitude in the cross-flow direction is comparable with that in the in-line direction as the 
reduced velocity is smaller than a critical value. Once the reduced velocity exceeds this 
critical value, the cross-flow amplitude is smaller than that in the in-line direction and the 
difference between the two increases with the increase in Vr. The variations of the cross-
flow amplitude and the cross-flow frequency with reduced velocities at a=0.8 are very 
similar to those at a=1. The cross-flow frequency is close to the natural frequency in the 
lock-regime and increases with the increase in Vr outside the lock-in regime. The 
maximum amplitude at a=0.8 in the lock-in regime is about 1.5 which is much larger than 
that in the pure steady flow case of a=1. Jauvtis and Williamson (2004) reported that the 
cross-flow amplitude in the “super upper” branch can reach as high as 1.5 cylinder 
diameters if the velocity is increased gradually. The “super upper” branch is defined as the 
response of the reduced velocity regime where the cross-flow amplitude increases to as 
high as 1.5 times cylinder diameters. Similar to what was observed by Jauvtis and 
Williamson (2004), the vibration frequency in the cross-flow direction is slightly less than 
1 in the “super upper” branch, where the cross-flow amplitude increases with the increase 
in Vr and slightly less than 1 in the "lower branch", where the cross-flow amplitude stops 
increasing with the increase in Vr (Figure 3.7 (e) and (f)). The “super upper branch” is only 
found at a=0.8 and not at a=1, indicating that introducing a small variation (20% of the 
total velocity) to the fluid velocity increases the amplitude of the vibration significantly.  
It can be seen in Figure 3.8  (e) that the in-line amplitude also reaches its maximum 
value at the upper boundary of the “super upper” branch. In the “lower branch”, the in-line 
amplitude increases with Vr. At the high flow ratio of a=0.8, the fluid velocity increases 
gradually for a relatively long period of time because the small oscillatory flow component 
and the long oscillatory flow period, resulting in the “super upper” branch with an cross-
flow amplitude of about 1.5. The variation of the vibration frequency in the cross-flow 
direction with the reduced velocity at a=0.8 is similar to that in the steady flow case, i.e., 
the cross-flow frequency is slightly lower than 1 in the “super upper” branch and slightly 
higher than 1 in the “lower branch”. The response of the vibration in the in-line direction at 
a=0.8 is different from that at a=1. The in-line amplitude at a=0.8 increases with Vr in the 
"super upper" branch and suddenly decreases to zero at the higher boundary of the "super 
upper" branch. In the lower branch the in-line amplitude at a=0.8 increases with Vr again. 
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However, the in-line amplitude at a=1 is always negligibly small compared with the cross-
flow amplitude except Vr=2, which is outside the lock-in regime.  
 
 
 
 
Figure 3.9:  Vorticity contours for a=0 and Vr=6 
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stationary circular cylinder is in the pure oscillatory flow, one pair of vortices are shed 
from the cylinder if the KC number is 10 and the two vortices are shed from the same side 
of the cylinder, forming the so-called transverse vortex street (Willamson, 1985). In Figure 
3.9, the number of the vortices that are shed from the cylinder is also one pair (the negative 
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vortex in Figure 3.9 (b) and the positive vortex in Figure 3.9 (d)) and both vortices are 
shed from the bottom of the cylinder. All other vortices do not grow strong enough before 
the flow reverses. After the flow reverses, the vortices that have not shed from the cylinder 
dissipate. Only one vortex has the chance to grow and shed from the cylinder in half of the 
oscillatory flow period at KC=10.  
 
Figure 3.10:  Vorticity contours for a=0.4 and Vr=9 
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Figure 3.10 shows the vorticity contours within one oscillatory flow period for a=0.4 
and Vr=9. Within one oscillatory flow period, the maximum fluid velocity in the positive x-
direction is larger than that in the negative x-direction. The duration when the flow 
velocity is positive is also longer than that when the flow is negative. Like the case of a=0, 
the number of the vortices that are shed from the cylinder is also two. However, both 
vortices are shed from the cylinder when the fluid flow is in the positive x-direction 
(Figure 3.10 (e) and (f)).  
Figure 3.11:  Vorticity contours for a=0.8 and Vr=7 (continued on next page) 
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Figure 3.11:  Continued 
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Figure 3.11shows the vorticity contours within one oscillatory flow period at a=0.8 
and Vr=7, where the cross-flow amplitude is the maximum among other reduced velocities. 
An interesting phenomenon at the flow ratio of a=0.8 is beating, as shown in Figure 3.4 (i) 
and (j). It is found in Figure 3.11 that the vortex shedding goes through different modes in 
an oscillatory flow period. In Figure 3.11 (b) to (e), where the fluid velocity is increasing 
to its maximum value gradually, two vortices are shed from the cylinder in one cross-flow 
vibration cycle. Between Figure 3.11 (g) and (i), where the fluid velocity starts decreasing 
gradually to its minimum value, the vortex shedding is found to be a triplet pair (2T) 
regime. When the cylinder is moving downwards, three vortices are shed from it (marked 
by A1 to A3 in Figure 3.11 (g)) and another three vortices are shed from it when the 
cylinder is moving upwards (marked by B1 to B3 in Figure 3.11 (h)). Jauvtis and 
Williamson (2004) reported that the 2T regime can be achieved by increasing the fluid 
velocity gradually. The 2T regime sustains for two cross-flow vibration cycles until Figure 
3.11 (i). The triple pair vortex shedding mode in two cross-flow vibration cycles is 
followed by a cycle of double pair mode (two vortices are marked by C1 and C2 in Figure 
3.11 (m) and another two are marked by D1 and D2 in Figure 3.11 (n)). After Figure 3.11 
(n), the flow reverses and a new cycle of single pair, triple pair and double pair repeats. 
3.4 Conclusions 
This chapter has investigated VIV of a circular cylinder in combined steady and 
oscillatory flows by a numerical method. In this study, extensive simulation is carried out 
for KC=10 and the flow ratios ranging from 0 to 1 with an interval of 0.2. The range of the 
reduced velocity Vr is between 2 and 25, which covers the full lock-in regime for all the 
flow ratios. It is found that the flow ratio has significant effects on the response of the 
cylinder. The most important finding in this study is that the combination of the steady 
flow and the oscillatory flow widens the lock-in regime. The widest lock-in regimes, which 
occur at a=0.4 and 0.6, are about twice as wide as that in the pure steady or pure oscillatory 
flow case. At KC=10, the response of the cylinder in the cross-flow direction locks onto 
either twice the oscillatory flow frequency or the natural frequency of the structure, 
depending on the flow ratio. It locks onto twice the oscillatory flow frequency if the flow 
ratio a≤0.2 in the resonance regime, and locks onto the natural frequency of the system as 
a≥0.6. The response at a=0.2 is very similar to that in the pure oscillatory flow case, while 
that at a=0.8 is very similar to that in the pure steady flow case. At a=0.4, the vibration 
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frequency in the cross-flow direction generally locks onto the natural frequency of the 
cylinder and occasionally locks onto the oscillatory flow frequency or twice the oscillatory 
flow frequency. At a=0.6, the vibration frequency in the cross-flow direction 
predominantly locks onto the natural frequency of the cylinder.  
Among all the flow ratios, the highest cross-flow amplitude occurs at a=0.8, which is 
about 1.5 times cylinder diameters. At a=0.8, the fluid velocity increases and decreases 
slowly within one oscillatory flow period. As demonstrated by previous studies, the 
gradually increasing velocity leads to the so-called “super upper” branch that has 
maximum cross-flow amplitude of 1.5 times the cylinder diameters (Jauvtis and 
Williamson, 2004). At a=0.8 and Vr=7, where the cross-flow amplitude is the maximum, 
the cylinder vibrates a number of cycles in the cross-flow direction and the vortex shedding 
goes through 2S, 2P and 2T modes within a single oscillatory flow period, resulting in the 
beating phenomenon in the response.  
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Chapter Four 
Vortex-Induced Vibration of Elastically Connected Side-
by-Side Multiple Circular Cylinders in Steady Flow 
 
Vortex-induced vibration (VIV) of multiple circular cylinders elastically connected 
together in a side-by-side arrangement subject to steady flow at a low Reynolds number of 
150 and a mass ratio of 2 is investigated numerically. Simulations are conducted for two-, 
five- and ten-cylinder systems over a wide range of reduced velocity that covers the whole 
lock-in regime for each of the cases. The differences between the responses of a multiple-
cylinder system and a single cylinder are discussed. Unlike the single cylinder case, the 
distinct lock-in between the response frequency and any of the structural natural 
frequencies in a wide range of reduced velocity is not observed in the multiple-cylinder 
cases. Instead, the response frequency increases continuously with increasing reduced 
velocity. The reduced velocity range where the response frequency is between the first and 
the highest modal frequencies is referred to as the lock-in regime in this study. If the 
reduced velocity is based on the first-mode natural frequency of the cylinder system, the 
lock-in regime becomes wide with increasing number of cylinders. However, if the 
reduced velocity is based on the highest natural frequency, the lock-in regime becomes 
narrow if the number of cylinders increases. In a multiple-cylinder system, the lock-in 
regime can be divided into two branches, the single-mode branch at lower reduced 
velocities and the multiple-mode branch at higher reduced velocities. In the single-mode 
branch, the dominance of a single mode shape in the response can be clearly identified 
except at the boundary reduced velocity between two modes. In the multiple-mode branch, 
the response contains many response modes and the contributions of all the modes are 
comparable with each other. The maximum response amplitude occurs in the multiple-
mode branch and interaction among the vortices in the wake of the cylinders is strong 
when the response amplitudes are high.  
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4.1 Introduction 
Vortex-induced vibrations (VIV) of cylindrical structures are of engineering 
significance because excessive vibrations may lead to malfunction and even structural 
failure of the cylinder system. When an elastically mounted cylinder is placed in a free 
stream, synchronization (or the lock-in) occurs in a range of reduced velocity (Williamson 
and Roshko, 1988; Sarpkaya, 2004; Govardhan and Williamson, 2000; Williamson and 
Govardhan, 2004, 2008). When lock-in occurs, the vortex shedding frequency is the same 
as the vibration frequency of the cylinder, instead of following the Strouhal law (Sarpakaya 
and Isaacson, 1981). When an elastically mounted cylinder vibrates in the cross-flow 
direction in a fluid flow at low mass ratios, the range of the reduced velocity is divided into 
three branches: initial, upper and lower branches (Khalak and Williamson, 1996, 1999). 
Jauvtis and Williamson (2004) found a super upper branch for two-degree-of-freedom 
(2DOF) VIV of a circular cylinder in both the in-line and the cross-flow directions at low 
mass ratios. The vibration of a circular cylinder in steady flow close to a plane boundary 
was also investigated due to its engineering importance (Fredsøe et al., 1985; Gao et al., 
2006; Yang et al., 2008; Zhao and Cheng, 2011). It was found that the plane boundary has 
significant effects on the vibration of the cylinder.  
The research of flow past multiple cylinders has been mainly focused on flow past two 
cylinders in different arrangements. Many studies of flow past two cylinders in a side-by-
side arrangement found the biased flow regime when the gap between the cylinders is 
small (Kim and Durbin, 1988; Alam et al., 2003).  Numerical studies of flow past two side-
by-side arrangement have also been conducted and the numerical results of the biased flow 
were found to have a close agreement with the experimental data (Afgan et al., 2011; 
Thapa et al., 2015).  
Numerical studies of VIV have been mostly conducted through two-dimensional 
simulations by solving either the 2D Navier-Stokes (NS) equations or the 2D Reynolds-
Averaged Navier-Stokes equations (RANS). The numerical models based on the NS 
equations have provided satisfactory numerical solutions for VIV of a circular cylinder at 
low Reynolds numbers in the laminar flow regime (Sigh and Mittal, 2005; Leoniti et al., 
2006a; Mittal and Kumar, 1999, 2004; Bao et al., 2011; Zhao, 2013).  The models based on 
the RANS equations were found to provide satisfactory solutions of VIV of cylinders at 
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higher Reynolds numbers in the subcritical flow regime (Pan et al., 2007; Guilmineau and 
Queutey, 2004; Zhao and Cheng, 2011).  
Recently, some studies of VIV of two or four cylinders have also been conducted both 
experimentally and numerically. Huera-Huarte and Gharib (2011a) conducted laboratory 
experiments of VIV of two side-by-side flexible cylinders at low mass ratios. It was found 
that the motions of the two cylinders are not synchronized if the center-to-center distance 
between the two cylinders is greater than 3.5 diameters. Wang et al. (2008) focused their 
study of VIV of two side-by-side cylinders on the influence of the turbulence and found 
that the free-stream turbulence enhances the vortex-induced force and thus restores the 
large amplitude vibration associated with the lock-in resonance. Assi et al. (2006) 
conducted VIV of an elastically mounted cylinder in the wake of a fixed identical cylinder 
and found that when the gap between the two cylinders is between 3 to 5.6 diameters, the 
vibration is in a galloping-like pattern. Kim et al. (2009) studied VIV of two elastically 
mounted cylinders in a tandem arrangement and found five response regimes, depending 
on the distance between the two cylinders. Numerical studies of VIV of two cylinders have 
also been conducted recently (Mittal and Kumar, 2001; Borazjani and Sotiropoulos, 2009; 
Bao et al., 2011; Carmo et al., 2013; Jester and Kallinderis, 2004), where the two cylinders 
were either in side-by-side, tandem or staggered arrangement.  
In previous studies of VIV of multiple cylinder system, the cylinders are either rigidly 
connected together or elastically mounted separately. Little attention has been paid on VIV 
of elastically connected multiple cylinder systems. If multiple-cylinders are elastically 
connected together, the system is a multiple-degree-of-freedom system with multiple 
natural frequencies. Lock-in regime of the reduced velocity of elastically connected 
cylinders in fluid flow is expected to be wider than that of a single cylinder. Which natural 
frequencies the cylinders‟ vibration locks onto depends on the reduced velocity.  
Multiple cylinders are sometimes used in the fluid engineering, such as the multiple 
mooring cable in the offshore engineering or multiple heat exchanger tubes. If multiple-
cylinders are elastically connected together, the system is a multiple-degree-of-freedom 
system with multiple natural frequencies. So far, little attention has been paid on VIV of 
elastically connected multiple cylinder systems. In this chapter, VIV of elastically 
connected multiple circular cylinders in a side-by-side arrangement in steady flow is 
simulated numerically at a low Reynolds number of 150 and a low mass ratio of 2. The 
focus of the study is to investigate the response and lock-in behaviors of multi-degree-of-
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freedom (MDOF) systems. Since the flow is expected to be two-dimensional at Re=150, 
two-dimensional Navier-Stokes equations are solved by using the Petrov-Galerkin finite 
element method for simulating the flow and the equation of the motion of the cylinders is 
solved using the fourth-order Runge–Kutta method for predicting the response of the 
cylinders.  
 
4.2. Numerical method 
Flow induced vibration of elastically connected circular cylinders as shown in Figure 
4.1 is simulated numerically. The study is focused on the influence of the interference 
among multiple circular cylinders in a side-by-side arrangement on the response 
amplitudes and frequencies. Figure 4.1 is a sketch of the arrangement of the cylinder 
system. The cylinders are numbered by cylinder 1 to cylinder N, where N is the total 
number of the cylinders. The cylinders are allowed to vibrate in the cross-flow direction 
only. It is assumed that the diameters and the masses of the cylinders are all identical. The 
initial distance between two adjacent cylinder centres is fixed at a constant of L=3D with D 
being the diameter of the cylinders.        
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Figure 4.1:  Sketch of elastically connected side-by-side cylinders in fluid flow (a) two 
cylinder (b) multiple cylinders 
 
The differential equation of motion governing the vibration of the cylinders can be 
written as  
yFKYYCYM 
 ,                                                                                       (4.1) 
where M, C and K are the symmetric mass, damping and stiffness matrices, respectively. 
The displacement vector Y contains the displacements of the cylinders in the cross-flow 
direction and is given by TNYYY }.,,{ 21 Y  and Fy is the corresponding vector of the 
forces on the cylinders. The solution of Eq. (4.1) can be expressed in the form 
)()( tt *ΦYY  ,                                  (4.2) 
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where },,,{ 21 NΦΦΦΦ   is the modal matrix of the system, kΦ  stands for the kth-
mode vector, and )(t*Y  is a column vector of generalized (modal) coordinates that are to 
be determined. The modal matrix Φ  satisfies IMΦΦ 
T
where I is the unit matrix. The 
amplitude of )(t*Y  is comprised of the response component of each mode. Substituting 
Eq. (4.2) into Eq. (4.1) yields 
*
y
*****
FYKYCY   ,                   (4.3) 
where CΦΦC T*  , KΦΦK T*   and y
T*
FΦF  . The matrix 
*
K  is a diagonal matrix 
and zero damping is considered in this study. Then Eq. (4.3) becomes an uncoupled set of 
equations, which are solved by using the fourth-order Runge–Kutta method.  
The governing equations for simulating the laminar flow are the unsteady two-
dimensional incompressible Navier-Stokes equations. In this study, the Arbitrary 
Lagrangian Eulerian (ALE) scheme is applied to deal with the moving boundaries of the 
cylinders. In the ALE scheme, the nodes of the computational mesh are allowed to move 
independently from the fluid velocity in order to avoid excessive mesh distortion. The 
incompressible Navier-Stokes equations in the ALE scheme can be expressed as 
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,      (4.5) 
where x1 = x and x2 = y are the Cartesian coordinates in the in-line and transverse 
directions of the flow, respectively, ui is the fluid velocity component in the xi-direction, p 
is the pressure, iuˆ is the velocity of the mesh movement, ρ is the fluid density and ν is the 
kinematic viscosity. For uniform flow past cylinders, the inlet boundary conditions are set 
as u1 = U and u2 = 0. At the outlet boundary, the pressure is set to be zero and the gradient 
of the velocity components in the streamwise direction is zero. At the cylinder surfaces, 
non-slip boundary condition is imposed, i.e. the fluid velocity is the same as the vibration 
velocity of the cylinders. After each computational time step, the boundary of the 
computational domain changes because of the displacements of the cylinders. The 
Chapter 4  VIV of side-by-side multiple cylinders in steady flow  
 
 
56 
 
positions of finite element nodes are moved accordingly by solving the modified Laplace 
equation (Zhao and Cheng, 2011) 
        0 yS                                                                                                        (4.6) 
where, yS  represents the displacement of the nodal points in the y-direction, γ is a 
parameter that controls the mesh deformation. In order to avoid excessive deformation of 
the near-wall elements, the parameter γ in a finite element is set to be A/1 , with A being 
the area of the element. The displacement of the mesh nodes is the same as the 
displacement of the cylinder on the cylinder surface and zero on other boundaries. By 
giving the displacements at all the boundaries, Eq. (4.6) is solved by the Galerkin FEM. 
4.3 Numerical results 
The springs that connect the cylinders have the same elastic coefficient of K. The 
cylinders are identical to each other and they have the same mass ratio of 2. The structural 
damping factor of the whole system is assumed to be 0 in all the simulations. The initial 
center-to-center distance between any two adjacent cylinders is 3D. In the review paper of 
flow past two cylinders in a side-by-side arrangement, Sumner (2010) concluded that two 
parallel vortex streets occur in the wake of the two cylinders due to the weak wake 
interference if the gap between the two cylinders is greater than 1D. Because this study is 
focused on the effects of the multiple-degree-of-freedom on the response regime of the 
reduced velocity, the initial gap between two adjacent cylinders is chosen to be sufficiently 
large. The Reynolds number based on the cylinder diameter is fixed to be 150. Simulations 
are carried for two-cylinder, five-cylinder and ten-cylinder systems. The reduced velocity 
is defined based on the first mode natural frequency as )/( 1nr DfUV  , where fn1 is the 
first-mode structural natural frequency of the cylinders. The responses of different systems 
are addressed separately in the following discussion.  
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(a) Computational mesh around the two cylinders  
 
 
 
 (b) Computational meshes around the multiple cylinders 
 
Figure 4.2:  Computational mesh around the cylinders 
Figure 4.2 (a) and (b) shows the computational mesh around two and five cylinders, 
respectively. Refined elements are used near the cylinder surface in order to capture the 
strong variations of the flow field. Each cylinder surface is divided into 96 finite elements 
and the minimum mesh size in the normal direction to the cylinder surface next to the 
cylinder surface is 0.005D. The numerical results of VIV of the two-cylinder system are 
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compared with those of 1DOF of vibration of a single circular cylinder system in the cross-
flow direction.    
Zhao (2013) and Zhao et al. (2013) compared the numerical results of VIV based on 
the same numerical model as used in this study with the published results by Singh and 
Mittal (2005), Ahn and Kallinderis (2006), Borazjani and Sotiropoulos (2009) and Bao et 
al. (2011) and obtained very good agreement. Zhao (2013) validated the numerical model 
in the simulation of the VIV of two tandem cylinders in fluid flow at Re=150. The 
validation of the numerical model on VIV simulation will not be repeated here. The mesh 
dependency study is carried out in order to ensure that the results are mesh-independent. 
Because the Reynolds number is kept to be a constant, the effects of the mesh density on 
the results are likely to be affected by the response amplitude. Additional simulations for 
the two-cylinder system at reduced velocities of 2, 4, 6, 8 and 10, where the response 
amplitudes are large, are carried out with a denser mesh than that shown in Figure 4.2.  
Zhao et al. (2014) found that the wake flow in the wake of an elastically mounted 
cylinder remains two-dimensional until the Reynolds number is 250 when the reduced 
velocity is 6, where the response amplitude reaches its maximum. To demonstrate that the 
flow is two dimensional for a Reynolds number of 150, some three-dimensional 
simulations of VIV of the five-cylinder system are performed for a reduced velocity of 7, 
which is in the middle of the lock-in range. The numerical method used for the three-
dimensional simulation is the same as the one in Zhao et al. (2014). The computational 
mesh on the cross-sectional plane is the same as used in this study. The length of the 
cylinders is 6.4 diameters and totally 64 layers of elements are distributed along the axial 
direction of the cylinders. The total element number is about 2.2 million. 16 CPUs are used 
for the parallel calculations. Three-dimensional numerical simulations are performed for a 
non-dimensional time of tfn1=19 and as shown in Figure 4.3 (a) and (c) shows the time 
histories of cylinders 1 and 5. The symmetric vibration develops to asymmetric vibration 
after tfn1=6 for both Reynolds numbers.  
The three-dimensional vortex shedding flow structure can be presented by the iso-
surface of the second negative eigenvalue of the tensor 22 ΩΨ  , where Ψ  and Ω  are the 
symmetric and the anti-symmetric parts of the velocity-gradient tensor, respectively (Jeong 
and Hussain, 1995). The nondimensional second eigenvalue is defined as 222 )//( DU 
, where 
2  is dimensional eigenvalue. The iso-surfaces of 12   for Re=250 and 300 at 
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tfn1=18.5 are shown in Figure 4.3 Error! Reference source not found. (b) and (d), 
respectively. 
 
 
            
Figure 4.3 Three-dimensional results of VIV of the five-cylinder system at Vr=7 
 
It can be clearly seen that the flow is still two-dimensional when Re=250 and becomes 
three-dimensional when Re=300. It is interesting to see that the three-dimensional flow is 
mainly in the wake of the middle cylinder, where the wake flow is dominated by 
streamwise vortices. The three-dimensionality of the flow can be quantified by enstrophies 
(Papaioannou et al.., 2006). The primary enstrophy 
z , the secondary xy and the total 
enstrophy   are defined as   d
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zyx  , respectively, where Ω stands for the whole fluid volume. The 
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flow is three-dimensional if the secondary enstorphy is strong and two-dimensional if the 
secondary enstrophy is zero. For the five-cylinder system, the nondimensional total 
enstrophies for Re=250 and 300 are 52 1098.2)//( DU and 51014.4  , respectively, 
and the nondimensional secondary enstrophies for Re=250 and 300 are 
12 1013.3)//( DUxy and 
41060.1  , respectively. The negligibly small secondary 
enstrophy for Re=250 demonstrates that the flow is still two-dimensional. For Re=300, the 
secondary enstrophy still takes very small percentage in the total enstrophy, mainly 
because the three-dimensionality is strong only in the wake of the middle cylinder as 
shown in as shown in Figure 4.3 (d). If the flow is two-dimensional at Re=250, it is 
expected that the flow should be also two-dimensional when Re<250. 
 
4.3.1 Two-cylinder system 
The simplest configuration of two elastically connected cylinders (two-cylinder 
system) is simulated first. In the two-cylinder system, the two natural frequencies are very 
different from each other and the fundamental flow structure for lock-in mode to each 
individual natural frequency can be identified. Then responses of five- and ten-cylinder 
systems in fluid flow are simulated to identify the response at high mode natural 
frequencies.  
Simulations are carried out for the reduced velocities ranging from 1 to 30 with an 
interval of 1 for the two-cylinder system. The ratio of the first- to second-mode natural 
frequencies is fn2/fn1=1.732. A rectangular computational domain with a length in the flow 
direction of 60D is used. The width of the computational domain (W) increases with 
increasing number of cylinders as W=20ND. The computational domain is divided into 
17398 quadrilateral linear finite elements for the two-cylinder system.  
The mesh shown in Figure 4.2 is referred to be the normal mesh. In the dense mesh, 
the circumference of each cylinder is divided into 128 elements and the minimum mesh 
size in the radial direction next to the cylinder surface is 0.002D. The total finite element 
node number of the dense mesh is 30,619. Table 4.1 shows the comparison between the 
results from the normal and dense meshes. For Vr=4 and 6, where the amplitude of the two 
cylinders are not the same (as shown in Figure 4.4), the maximum amplitude of the two 
cylinders is listed in Table 4.1. Both the amplitudes and the frequencies from the normal 
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mesh agree well with those from the dense mesh. The difference in Table 4.1 is the 
percentage of the difference between the dense and normal mesh results. The maximum 
differences for the resultant vibration amplitude and the frequency are 1.7867% and 
0.8114% respectively. The densities of the meshes for simulating the five- and ten-cylinder 
systems are the same as the normal mesh in the two-cylinder system.  
 
Table 4.1: Comparison between the amplitudes and frequencies from the two meshes 
Vr 
Amplitude (Ay/D) Frequency (f/fn1) 
Dense mesh Normal mesh 
Difference 
(%) 
Dense 
mesh 
Normal 
mesh 
Difference 
(%) 
2 0.00980 0.00986 0.5618 0.4017 0.4050 0.8114 
4 0.6341 0.6350 0.1543 0.9091 0.9043 0.5272 
6 0.6239 0.6286 0.7493 1.4427 1.4327 0.6973 
8 0.5325 0.5344 0.3462 1.6645 1.6654 0.0510 
10 0.4458 0.4380 1.7867 1.8539 1.8492 0.2558 
 
Figure 4.4 shows the time histories of the displacements of the two cylinders at some 
typical reduced velocities for the two-cylinder system. The vibrations of the two cylinders 
are in anti-phase with each other when the reduced velocity is outside the lock-in regime of 
2r V and 11r V . At Vr=3 and 4, the vibration of cylinder 1 is in phase with that of 
cylinder 2.  At the reduced velocity of Vr=5 the vibrations of both cylinders contain two 
response modes and the vibrations of the two cylinders become anti-phase with each other 
and the anti-phase sustains for all the reduced velocities greater than 5. It is interesting to 
see that the vibration amplitude of cylinder 1 is smaller than that of cylinder 2 at Vr=6. 
Regular beating responses of both cylinders are observed at Vr=6, especially in the 
response of cylinder 1. The beating period is approximately 10 times the cylinders‟ 
vibration period.  It is believed that this is due to the asymmetry of vortex shedding at 
Vr=6, which will be discussed later on. The vibration responses of both cylinders at Vr=7 
are almost perfectly regular and periodic. The same responses are observed for all Vr ≥ 7 in 
the range of the reduced velocity covered in the present study.  
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Figure 4.4:  Time histories of the displacements of the two-cylinder system 
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Figure 4.5 shows the variations of the amplitude, frequency and mean positions of the 
cylinders with the reduced velocity for the two-cylinder system. The mean position of a 
cylinder is the averaged displacement of the cylinder relative to its original position. The 
lock-in range of a two-cylinder system is clearly wider than that of a single cylinder. The 
response amplitudes of the two- and single-cylinder systems follow a similar trend in the 
lock-in regime. The response amplitudes of the cylinders start to increase with increasing 
Vr at Vr=3 and reaches to the maximum values at about Vr=4. The response amplitudes of 
the two cylinders are different from each other at Vr=4 and 6. This is due to the asymmetry 
of the vortex shedding from the cylinders, which will be discussed in detail later on. The 
response amplitudes of the two cylinders become identical again as Vr ≥ 7 and start to 
decrease rapidly as Vr increases from 7 to approximately 13. The response amplitudes 
decrease asymptotically at small rates from Vr = 13 towards a steady value of 
approximately 0.1 at Vr = 30. At Vr=4, the response frequency is close to the first-mode 
natural frequency and it increases to the second-mode natural frequency gradually as the 
reduced velocity increases to 10. Unlike a single cylinder system where the lock-in 
between the vortex shedding frequency and the natural frequency in the regime of 
84 r V  can be clearly identified, the vibration frequencies of the two cylinders do not 
lock onto a fixed frequency in a wide reduced velocity range. In this study, the lock-in 
regime is defined as the reduced velocity regime where the response frequency is between 
fn1 and fnN, where fnN is the highest natural frequency of a multiple cylinder system. For the 
two-cylinder system, the lock-in regime is 103 r V . The upper boundary of the lock-in 
regime for a single cylinder is approximately 8r V . The amplitude of the two-cylinder 
system is reduced to a value less than 0.2 at Vr=13. The reduced velocity of a multiple-
cylinder system based on the k-th-mode natural frequency is defined as )/( knkr DfUV  .  
The upper boundary of the lock-in regime 10r V  based on the highest natural frequency 
in the two-cylinder system is 77.52r V , which is less than that of a single cylinder 
system. The mean position of a cylinder in a multiple-cylinder system is defined as Y  it is 
the original balanced position. It can be seen in Figure 4.5 (c) that DY /  of both cylinders 
is very close to zero as 5r V . The mean position of cylinder 2 increases suddenly to about 
0.05 at .7r V   DY /  of cylinder 2 decreases slightly with the increase of Vr between 
117 r V  before it starts to increase with Vr as the reduced velocity exceeds the upper 
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boundary of the lock-in regime. The mean position of cylinder 1 is approximately the 
mirror image of that of cylinder 2 about line of 0/ DY . 
  
 
Figure 4.5:  Variations of the amplitude, frequency and mean position of the cylinders with 
the reduced velocity for the two-cylinder system 
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The response amplitudes of the cylinders are decomposed into different modes 
according to Eqs. (4.2) and (4.3) and the contribution of each mode is analyzed. Figure 4.6 
shows the variation of the amplitude of the modal coordinates (the amplitude of Y
*
 is 
defined as 
*
yA ) with the reduced velocity for the two-cylinder system. It can be seen that 
the vibration is dominated by the first-mode when the reduced velocity is less than or equal 
to about 4 and by the second-mode when the reduced velocity exceeds or equal to about 6. 
Contributions from the two modes are comparable with each other between reduced 
velocity of 4 and 6 as shown in Figure 4.4 (d) and (e). For the two-cylinder system, the 
first- and second-mode shapes are {0.5642, 0.5642}
T
 and {0.5642, -0.5642}
T
, respectively. 
When the reduced velocity is greater than 7 the vibration contains only the second-mode, 
indicating that the vibration of cylinder 1 is always in anti-phase with that of cylinder 2.  
 
Figure 4.6:  Variation of the amplitude of the generalized modal coordinates with the 
reduced velocity 
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displacement is found to change from 0° to 180° as the responses transitions from the 
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The change of phase angle was also observed in the case of flow past a square cylinder 
(Zhao et al., 2013). Similar to that of a single cylinder system, the phase angle between the 
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between the lift force and the displacement. When the reduced velocity exceeds 9, the 
phase angle between the lift coefficient and the displacement keeps being 180°.  
 
  
Figure 4.7:  Phase diagram between the lift coefficient and the displacement for the two-
cylinder system 
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shown in Figure 4.8 (a) and Figure 4.8 (b). For example, the vortex shedding from cylinder 
1 at Vr=3 appears to lag the vortex shedding from cylinder 2. In Figure 4.8 (a), the positive 
vortex from cylinder 1 is shed from the cylinder after the positive vortex is shed from 
cylinder 2. In the wake, each negative vortex from cylinder 1 is shed earlier than that from 
cylinder 2 within one vortex shedding period. The phase difference between the vortex 
shedding flow from the two cylinders and the in-phase displacements lead to the phase 
difference between the vibration displacement and the lift coefficient as shown in Figure 
4.7 (b) and (c). At Vr=5 and 6, the vortex shedding from cylinder 1 differs from that from 
cylinder 2 significantly. The main characteristics of the vortex shedding flow at Vr=5 and 6 
is that the wake from one cylinder is clearly wider than the one from the other. For 
example, the two-row vortex wake from cylinder 2 at Vr=6 is very similar to that at Vr=7, 
while that from cylinder 1 is clearly narrower than that of cylinder 2‟s wake. The vortex 
shedding flow at Vr=5 transits from the in-phase vibration mode to the anti-phase vibration 
mode. At Vr=7, the vortex shedding becomes symmetric with respect to y=0 line and the 
vibration displacements from the two cylinders are in anti-phase with each other. The 
symmetric flow patterns as shown in Figure 4.8 (e) and (f) are observed with the reduced 
velocity being greater than 7.  
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Figure 4.8:  Contours of the non-dimensional vorticity when Cylinder 1 is at its lowest 
position for the two-cylinder system 
4.3.2   Five-cylinder system 
The VIV of five elastically connected cylinders in a side-by-side arrangement is 
simulated in the reduced velocities range from 1 to 40 with an interval of 1. The 
computational mesh around the cylinders is shown in Figure 4.2 (b). Figure 4.9 shows the 
time histories of the responses of the five cylinders at some representative reduced 
velocities. The time histories of the responses of cylinders 1 and 5 are plotted together 
because they are geometrically symmetric about the central cylinder 3. The time histories 
of the responses of cylinders 2 and 4 are plotted together for the same reason. Similar to 
the two-cylinder system, the displacements of cylinders 1 and 2 are in phase with those of 
cylinders 5 and 3 respectively at Vr=3 and 4. The vibrations of all five cylinders become 
irregular at Vr=5. The vibration appears irregular due to the combination of more than one 
response modes in the response. The time histories of the responses of cylinders 1 and 2 
are still generally in phase with those of cylinders 5 and 4 correspondingly at Vr=5. The 
vibration appears more irregular than that of the two-cylinder system because more 
frequency components are in the response. The vibrations have multiple frequencies even 
when the reduced velocity is outside the lock-in regime. The frequencies of the irregular 
vibrations are analyzed using the Fast Fourier Transform (FFT).  
Figure 4.10 shows the FFT spectra of the vibration response of cylinder 1 in the five-
cylinder system. The vibration frequency generally increases with the increase of the 
reduced velocity. It can be seen that the response contains two predominant frequencies at 
Vr=5, 16 and 20 and single dominant frequency at other reduced velocities in Figure 4.10. 
Figure 4.11 shows the variations of the response amplitude, response frequency and 
the mean position of the cylinders with the reduced velocity for the five-cylinder system. 
For the cases with multiple-frequencies, the frequency corresponding to the highest 
response amplitude in the FFT spectrum is deemed to be the vibration frequency. For 
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example, in Figure 4.10 (b), where there are two peaks, the frequency of 1.5 corresponding 
to the highest amplitude is deemed to be the vibration frequency and plotted in Figure 4.11.  
The lock-in regime for the five-cylinder system is much wider than that of a single 
cylinder and that of the two-cylinder system. The vibration amplitudes increase suddenly 
as the reduced velocity has increased to 4 and keep increasing until the reduced velocity is 
between 10 and 15, where the response amplitudes peak. The response amplitude and 
frequency of cylinders 1 and 2 are the same as those of cylinders 5 and 4 respectively 
except in the region between 10 and 15.  
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Figure 4.9:  Time histories of the vibration displacement for the five-cylinder system 
 
 
 
 
Figure 4.10:  FFT spectra of the vibration displacement of Cylinder 1 in the five-cylinder 
system 
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The first- to fifth-mode natural frequencies are marked in Figure 4.11 (b). The 
response frequency exceeds fn5 as the reduced velocity is greater than 18. After the 
response frequency exceeds fn5, the response amplitudes of all five cylinders decrease 
gradually with increasing Vr. The regime of 183 r V  is the lock-in regime because the 
response frequency is between the first- and fifth-mode frequencies. The upper boundary 
reduced velocity based on the highest natural frequency is Vr5=4.80. It is interesting to see 
that the response frequencies of the two side cylinders 1 and 5 are the same but they are 
slightly different from those of other middle cylinders 4 and 2. This is likely because of the 
difference between the approaching flow conditions to cylinders 1 and 2 (or cylinders 5 
and 4), for example, caused by flow blockage and cylinder interference.  
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Figure 4.11:  Variation of the response amplitude, response frequency and the mean 
position of the cylinder with the reduced velocity for the five-cylinder system 
The mean positions of the five cylinders remain to be around zero for 7r V  where 
response frequencies are closer to the first-mode natural frequency than other mode natural 
frequencies. The mean positions of cylinders 4 and 5 increases gradually to about 0.1 from 
Vr = 7 to Vr = 15 where the response frequencies of cylinders 4 and 5 increase from close to 
second-mode natural frequency to the fourth-mode natural frequency. There appear to be 
sudden increases of the mean positions of cylinders 4 and 5 from Vr = 15 to Vr = 16 which 
correspond to the changes of response frequencies from approximately 4
th
-mode natural 
frequency to 5
th
-mode natural frequency. The mean positions of cylinder 4 and 5 remain at 
steady values in the range of 2516 r V  where response frequencies pass beyond the 5
th
-
mode natural frequency to the upper-bound of lock-in frequency. The mean positions of 
cylinders 4 and 5 start to increase with Vr at Vr>25 outside the lock-in regime. The mean 
positions of cylinder 1 and cylinder 2 are approximately the mirror images of the mean 
positions of cylinders 5 and 4 about the line of 0/ DY . 
Figure 4.12 shows the variation of the amplitude of the modal coordinates with the 
reduced velocity for the five-cylinder system. Mode 1 dominates the vibration response 
when the reduced velocity is less than 4 and mode 2 dominate the vibration when Vr=6 and 
7. The vibration response is evenly dominated by Modes 1 and 2 at 5r V , which is the 
boundary reduced velocity between modes 1 and 2. As the reduced velocity exceeds 7, the 
contributions from modes 3 to 5 become significant while the modes 1 and 2 components 
of vibration response are still obvious. In the range of 158 r V , where the response 
energy is almost evenly distributed among the five modes, the amplitudes are obviously 
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higher than those in other reduced velocities. The variation of the response frequency with 
the reduced velocity in the range of 158 r V  is also weak. The response is dominated 
by mode 5 as the reduced velocity exceeds 16. The response frequency is close to the mode 
5 frequency at Vr=16 and exceeds mode 5 frequency at Vr=17 as shown in Figure 4.11 (b). 
In this study, the lock-in regime for multiple-cylinder system is divided into two branches. 
For the five-cylinder system the range 73 r V  is referred to be the single-mode branch 
because the single mode can be clearly identified except at the boundary between the two 
modes. The range of 188 r V  is referred to be the multiple-mode branch. The reduced 
velocities of 16, 17 and 18 are in the multiple-mode branch because the contributions from 
modes 1 to 4 are obvious, but are less significant than that from mode 5.  
  
 
Figure 4.12:  Variation of the amplitude of the modal coordinates with the reduced velocity 
for the five-cylinder system 
 
The lift coefficient versus displacement phase diagram for the five-cylinder system is 
shown in Figure 4.13. Different from those for the two-cylinder system, many phase 
diagrams shown in Figure 4.13 are in oval shapes, indicating the existence of phase 
differences between the lift coefficient and displacement. The lift coefficient of cylinder 1 
is generally in phase with the displacement as the reduced velocity is less than 10 and in 
anti-phase as the reduced velocity is greater than 25. The lift coefficient on cylinder 2 is 
not exactly in phase or in anti-phase with the displacement as the reduced velocity is less 
than 20. After the reduced velocity exceeds 25, the lift coefficient is in anti-phase with the 
displacement for both cylinders 1 and 2.  
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Figure 4.13:  The lift coefficient versus displacement diagram for the five-cylinder system 
Figure 4.14 shows vorticity contours of the near wakes of the cylinders when cylinder 
1 is at its lowest position in the cross-flow direction. It can be seen that the interaction 
between the vortices are strong at Vr=4 to 16, where the response amplitudes of the 
cylinders are large. The interactions among the vortices shed from adjacent cylinders take 
place right behind the cylinders in Figure 4.14 (b) to (e).  
The strong interactions among the vortices lead to very irregular vibration 
displacement as shown in Figure 4.10. Merging of the two or three vortices of the same 
signs is very common in the wake. It appears that the vortices that are shed from the 
bottom of cylinder 1 and the top of cylinder 5 are less affected by the interaction especially 
in Figure 4.14 (c). There is the phase difference between the vortex shedding process of the 
five cylinders.  
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                      (a) Vr=2                                     (b) Vr=4                                     (c) Vr=7 
 
 
                      (d) Vr=12                                  (e) Vr=16                                  (f) Vr=25 
 
Figure 4.14:  Contours of the vorticity when Cylinder 1 is at its lowest position for the five-
cylinder system 
 
For example, in Figure 4.14 (a), the vortex shedding from cylinders 1 and 2 is slightly 
ahead that from cylinders 4 and 5. The patterns of vortex shedding from different cylinders 
may be different, especially when the vibration amplitude is large. In Figure 4.14 (b), the 
vortex street from cylinder 2 is very similar to the 2P mode with two rows of vortices in 
the wake. Although two vortices are shed from cylinder 1, the wake behind cylinder 1 is 
much narrower than that from cylinder 2. The vortex shedding from cylinders 3 to 5 is in 
2S mode.  
In Figure 4.14 (c), the vortex shedding is in the 2P mode in the wake of the two side 
cylinders 1 and 5. The bottom row of the vortices from cylinder 1 and the top row of the 
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vortices from cylinder 5 do not participate in the interactions with other vortices, while the 
vortices in the wake of the three middle cylinders interact actively.  
4.3.3 Ten-cylinder system 
Figure 4.15 shows the variation of the response amplitude, the response frequency and 
the mean positions with the reduced velocity for cylinders 1 to 5 in the ten-cylinder system. 
Figure 4.16 shows the variation of the amplitude of the modal coordinate with the reduced 
velocity for the ten-cylinder system. The cylinders are numbered from 1 to 10, with 
cylinder 1 at the bottom and cylinder 10 at the top. The statistic values of the response 
displacement for only five cylinders are shown in Figure 4.15 due to the symmetry of the 
configuration. Similar to those in the two- and five-cylinder systems, the cylinders do not 
vibrate until the reduced velocity exceeds 3. The amplitudes of all five cylinders increase 
quickly with the increasing reduced velocity as the reduced velocity is increased from 3 to 
5. The differences among the amplitudes of the cylinders are significant. The response 
frequency of cylinder 1 exceeds fn10 at Vr=37 and those of cylinders 2 to 5 exceed fn10 at 
Vr=31. The reduced velocity of Vr=31 and 37 correspond to the reduced velocity based on 
the highest natural frequency of Vr10=4.45 and 6.96, respectively. The reduced velocity of 
Vr=3 is the lower boundary of the lock-in regime and Vr=31 (corresponding to Vr10=4.45) is 
deemed to be the upper boundary of the lock-in regime because the frequencies of the 
majority cylinders (cylinders 2 to 9) exceeds fn10 at this reduced velocity. Generally, the 
higher the reduced velocity, the higher mode of the response.  
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Figure 4.15:  Variation of the response amplitude, the response frequency and the mean 
displacement with the reduced velocity for the five cylinders in the ten-cylinder system 
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Based on Figure 4.15 and Figure 4.16, the whole lock-in regime can be divided into 
two branches. In the single-mode branch 153 r V , where single mode response can be 
clearly identified except at the boundaries between the two neighbouring modes. 
3116 r V  is the multiple-mode branch where multiple modes coexist. The response in 
the range of  2316 r V  contains almost all the modes and that in the range of 
3124 r V  is dominated by even modes 2, 4, 6, 8 and 10. The increasing rate of the 
response frequency with the reduced velocity in the multiple-mode branch 3124 r V  is 
smaller than that in other ranges of reduced velocity. The response amplitude in the range 
of 2316 r V  is higher than those in other ranges. In the regime of 2316 r V , the 
maximum amplitudes of cylinders 1 to 5 range from 0.6 to 1. 
In the single-mode branch of 153 r V , the response of the cylinder system is 
mainly dominated by one mode or two modes at the boundary reduced velocity between 
two modes. In Figure 4.16, the response is predominated by modes 1, 2, 3, 4 and 5 at Vr=3, 
7, 9, 11, 13, respectively. The reduced velocities of 5, 8, 10 and 12 are the boundaries 
between two adjacent modes. The amplitude of cylinder 1 becomes the smallest among 
others once the reduced velocity exceeds 20. After the reduced velocity exceeds 23, the 
response amplitudes of all the five cylinders decrease with the increasing Vr until Vr=45, 
after which the response amplitudes are small and changes little. It is interesting to see that, 
starting from Vr=20, the response frequency of cylinder 1 starts being lower than those of 
other four cylinders till the largest reduced velocity simulated. The variation of the mean 
positions of the cylinders with the reduced velocity for the ten-cylinder system is similar to 
those for the two- and five-cylinder systems. The non-dimensional mean displacements of 
cylinders 1 to 5 reaches its maximum at about Vr = 26 and then starts decreasing with the 
increasing Vr until Vr is about 38.  
As the reduced velocity is greater than 15, the response frequency is greater than the 
fifth-mode frequency fn5, however, the components of the modes 1 to 5 are still obvious as 
shown in Figure 4.16 (a) and there is no obvious difference between them and those of 
modes 6 to 10. Modes 6 to 10 appear to contribute to the response evenly based on Figure 
4.16 (b) and their contributions on the amplitude are generally about 50% greater than 
those from Modes 1 to 5. The reason why different modes contribute to the response 
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displacement evenly at large reduced velocities is the closeness between the modal 
frequencies.  
It can be seen in Figure 4.15 (b) that the modal frequencies for Modes 6 to 10 are very 
close to each other and the vibration can shift from one mode to another due to a very 
small disturbance. The strong interaction among the wakes from the cylinders provides the 
disturbance easily, especially when the amplitudes of the vibration are high. When the 
reduced velocity is greater than 25, the contribution from odd number modes are negligibly 
smaller than those from the even number modes, indicating that the vibration displacement 
is anti-symmetric with respect to the line of symmetry y=0. The response is dominated by 
the highest mode (Mode 10) as the reduced velocity exceeds 32.  
 
  
Figure 4.16:  Variations of the amplitude of the generalized modal coordinates with the 
reduced velocity for the ten-cylinder system 
 
Figure 4.17 shows the phase diagram between the lift coefficient and the displacement 
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and 5, respectively.  Similar to the five-cylinder case, the in-phase between the lift 
coefficient and the displacement of the side cylinder 1 is better than that of the inner 
cylinders. The response displacement is in-phase with the lift coefficient for cylinder 1 at 
Vr=7, 9 and 14, cylinder 5 at Vr=7 and cylinder 3 at Vr=5. In the multiple-mode branch, the 
response displacement is neither in-phase, nor anti-phase with the lift coefficient. It can be 
seen based on Figure 4.17 (d) and (e) that the phase between the lift coefficient and the 
displacement varies significantly in time. When the reduced velocity is above the upper 
boundary of the lock-in regime, the displacement is in anti-phase with the lift coefficient 
and the response is regular as indicated in Figure 4.17 (f). 
  
Figure 4.17:  The lift coefficient versus displacement diagram for the five-cylinder system 
 
Figure 4.18 shows the contours of the vorticity around the cylinder for the ten-cylinder 
system at three reduced velocities. The vorticity contours in Figure 4.18 are at the instants 
when the bottom cylinder 1 is at its lowest position. It can be seen in Figure 4.18 (a) that 
the negative vortices from cylinder 5 and the positive vortices from cylinder 6 form two 
rows of vortices close to each other. The rest of vortices from the cylinders are divided into 
two parts that are very separated from each other. Strong interaction among the vortices 
occurs within each part. The positive vortices from cylinder 5 and the negative vortices 
from cylinder 6 joint the two clusters of vortices at the bottom and top side of the system, 
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respectively.  If the flow is symmetric with respect to the y/D=0 line, for example at Vr=15, 
the response is mainly in mode 6 as shown in Figure 4.16.  
It can be seen in Figure 4.18 (a) that the vortex shedding is overall symmetric with 
respect to y/D=0 at least near the cylinders. Figure 4.18 (b) corresponds to the reduced 
velocity at which the response amplitudes are almost the highest and the response is in the 
multiple-mode branch and includes almost all the modes. The vortex shedding in the wake 
of the cylinders is chaotic and the interactions among the vortices are strong. There are 
large phase differences among the vortex shedding processes of the ten cylinders. The 
vortex shedding flow in Figure 4.18  (c) is almost symmetric with respect to the symmetric 
line of y=0 because the vortex shedding is dominated by the even modes as shown in 
Figure 4.16. The vortex shedding from cylinders 5 and 6 is similar to that in Figure 4.18  
(a). The symmetry of the flow in Figure 4.18  (c) is better than that in Figure 4.18  (a) 
because the interaction among the wake vortices is weaker due to the smaller amplitudes. 
 
                     (a) Vr=15                                      (b) Vr=20                                         (c) Vr=29 
 
Figure 4.18:  Contours of the vorticity around the cylinder for the ten-cylinder system 
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4.4 Conclusions 
Vortex-induced vibration (VIV) of multiple elastically connected side-by-side circular 
cylinders in a steady flow at a low Reynolds number of 150 is investigated numerically. 
The cylinders are allowed to vibrate only in the cross-flow direction. The Navier-Stokes 
equations and the equation of motion are solved numerically for simulating the flow and 
vibration of the cylinders, respectively. Simulations are carried out for a wide range of 
reduced velocities covering all the lock-in regimes.  
Unlike the single cylinder case, lock-in between the response frequency and any of the 
structural natural frequencies in a wide range of reduced velocity is not observed. Instead, 
the response frequency increases continuously with the increase in reduced velocity in the 
multiple-cylinder system. In this study the upper boundary of the reduced velocity is 
defined as the reduced velocity at which the response frequency exceeds the highest 
natural frequency of the cylinder system. It is found that the lock-in regime of the reduced 
velocity based on the first mode natural frequency for a multiple-cylinder system is wider 
than that of a single cylinder system. If the reduced velocity is defined based on the highest 
natural frequency (i.e. VrN=U/fnND with fnN is the highest natural frequency), the upper 
boundary reduced velocities of the lock-in regime are Vr1=8, Vr2=5.77, Vr5=4.80 and 
Vr10=4.45 for one-, two-, five- and ten-cylinder systems, respectively. It can be seen that 
the higher boundary of VrN for multiple-cylinder system decreases with increasing number 
of cylinders. This means that if the reduced velocity is based on the highest natural 
frequency, the lock-in regime in a multiple cylinder system is narrower than that of a single 
cylinder.  
In the two-cylinder system, the response amplitudes of the two cylinders are the same 
except in the range of 64 r V , where the response amplitudes reach to their maximum 
values. For the five- and ten-cylinder systems, the response amplitudes of the cylinders are 
not the same in the whole lock-in regime and the difference among the amplitudes of the 
cylinders is high when the response amplitude is high. Strong interactions among the 
vortex shedding flows from different cylinders occur at high response amplitudes, resulting 
in chaotic vortex shedding pattern. There are large phase differences among the vortex 
shedding processes from different cylinders in a multiple-cylinder system.  
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The modal coordinates of the response are analysed in order to understand the 
component of each mode in the response. It is found that response is generally in high 
mode at high reduced velocities for five- and ten-cylinder systems. When the reduced 
velocity is low, the response is dominated by one mode (or two modes at most at the 
boundary reduced velocity between the two modes). At higher reduced velocities the 
contributions of all the response modal shapes are found to be comparable with each other. 
This is because the closeness among the high modal frequencies makes the vibration 
switching from one mode to another easily under even very small disturbances, while the 
strong interaction among the wake flows provides the source of disturbances. Based on the 
modal analysis, the lock-in regime can be divided into two branches, the single-mode 
branch at low reduced velocities and the multiple-mode branch at high reduced velocities. 
In the single-mode branch, the response contains mainly single mode shape except at the 
boundaries between two neighbouring modes. In the multiple-mode branch, the response 
contains many response modes and the difference among the contribution of all the modes 
is small. For the five-cylinder system, the single- and multiple-mode branches are  
73 r V  and 188 r V , respectively, and single mode 1 and 2 can be identified in the 
single mode. For the ten-cylinder system, up to single-mode 6 can be identified in the 
single-mode branch of 153 r V . Based on the results for the five- and ten-cylinder 
systems, it can be seen that the single mode can be identified for about half of the natural 
frequencies. The lowest frequency has the clearest single mode. For a cylinder system with 
other number of cylinders, the single- and multiple-mode will also exist at lower and 
higher natural frequencies, respectively. 
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Chapter Five 
Vortex-Induced Vibration of Four Cylinders in an In-
Line Square Configuration 
 
This chapter presents a numerical study of vortex-induced vibration of four rigidly 
connected and four separated mounted circular cylinders in an inline square configuration 
at a Reynolds number of 150, a low mass ratio of 2.5 and a range of spacing ratio L from 
1.5 to 4, where the spacing ratio is defined as the centre-to-centre distance of two adjacent 
cylinders normalized by the cylinder diameter. It should be noted that the four cylinders 
are initially in a inline square arrangement, i.e. their balance position in the still fluid is in a 
square arrangement. If the four cylinders vibrate separately, they do not following the in-
line arrangement anymore. If three-dimensional effects at the ends of the cylinder are not 
significant, then the much more time-saving two-dimensional numerical simulation could 
reveal the basic flow physics and yield quantitative information which is extremely 
difficult to obtain experimentally (Lam et al., 2008). Zhao et al. (2014) found flow around 
a free vibrating cylinder at Vr=6 is still two-dimensional when Re=250. It is expected that 
the flow at Re=150 is or nearly two-dimensional for VIV of four cylinders. Two-
dimensional simulations at a low Reynolds allows an extensive parametric strudy to be 
performed. For the rigidly connected cylinder array, the maximum and minimum response 
amplitudes occur at L=1.5 and L=2.0, respectively for the range of spacing ratio covered in 
this study and the maximum respond amplitude at L=1.5 is accompanied by a wide lock-in 
range. The large response amplitude at small spacing ratio L ≤ 1.5 is because the cylinder 
array responds to the flow as a single cylinder with an overall size that is much larger than 
the diameter of the single cylinder while the small response amplitude observed at L=2.0 is 
attributed to the strong interaction of the vortices through the gap between the top and 
bottom rows of the cylinder and also in the wake of the cylinder array. For spacing ratio L 
≥ 2.5, the lock-in regime of four rigidly connected cylinders is similar to that of a single 
cylinder and the response amplitudes in the lock-in regime are slightly higher than that of a 
single cylinder. The energy transfer analysis between fluid flow and individual cylinders in 
the array shows that the hydrodynamic forces on individual cylinders either excite or damp 
the vibration, depending on the reduced velocity. An interesting flow feature observed at L 
= 2, 2.5 and 3 is the biased vortex street in the wake of four rigidly connected cylinders. 
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The biased vortex street leads to a shift of the mean position of the cylinder array with the 
largest mean position shift being observed at L=3. Four response modes are identified for 
four separately mounted cylinders. These are the in-phase mode, the anti-phase mode; the 
correlated out-of-phase mode and the uncorrelated mode. It is found that the response 
mode chosen by the cylinders is dependent not only on the spacing ratio, but also on the 
initial condition of the flow. The response amplitude under the in-phase mode is generally 
higher than that under the anti-phase mode at identical spacing ratios. This is attributed to 
the interaction of vortices in the wake of the cylinders.   
5.1 Introduction 
Flow past four cylinders in a square arrangement has been studied extensively due to 
its relevance to the offshore engineering. For example, it is relevant to hydrodynamics 
around a offshore tension leg platform. The applications of four cylinders could be floating 
offshore mooring cables, vertical pipes, risers, wind turbines and undersea pipelines. If we 
can find all the possible response mode, we can ensure the safety of aforemented 
structures. When four cylinders are placed in a fluid flow in an inline square arrangement, 
the vortex shedding from them can be either in-phase or anti-phase when the centre-to-
centre spacing ratio is greater than 2 (Sumner, 2010). The vortex shedding is generally 
dominated by the anti-phase flow pattern at small spacing ratios and the dominance of the 
anti-phase flow weakens with the increase of spacing ratio (Alam et al., 2003; Sumner, 
2010). It has also been found that the in-phase vortex shedding may lead to the eventual 
formation of a binary-vortex street, as reported by Williamson (1985b). A number of 
experimental studies have been conducted to understand the wake flow patterns for flow 
past four cylinders. Sayers (1990) measured vortex shedding frequency for flow past four 
cylinders and found that a small change in the flow incident angle may lead to a sudden 
change in the vortex shedding frequency. Lam and Lo (1992) conducted Particle Image 
Velocimetry (PIV) tests of steady flow around four cylinders in an inline square 
arrangement and discovered a biased flow pattern in the wake of four cylinders for the 
spacing ratio less than 1.7. Lam and Fang (1995) conducted extensive measurements of the 
forces on four cylinders in fluid flow. The PIV technique was also used in some 
experimental studies of flow past four cylinders to identify the wake flow features (Lam et 
al., 2003, Lam and Zou, 2007, 2009, Wang et al., 2013). It was found that the wake flow 
for four cylinders in an inline square arrangement can be generally classified into 
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following three regimes: the shielding regime for spacing ratio less than 2, the shear layer 
reattachment regime for spacing ratios between 2.5 and 3.5 and the vortex impinging 
regime for spacing ratios greater than 4.  
Flow past four cylinders in an square arrangement is also well studied by numerical 
simulations. Farrant et al. (2000) and Han et al. (2013) simulated flow past four cylinders 
in an inline square arrangement at a low Reynolds number of 200. The in-phase and out of 
phase vortex shedding patterns were well predicted in these numerical simulations. Lam et 
al. (2008), Lam and Zou (2010) and Tong et al. (2013) conducted three-dimensional 
numerical simulations to investigate the three-dimensionality of the flow. Oscillatory flow 
past four cylinders in a square arrangement was also studied numerically due to its 
engineering importance (Anagnostopoulos and Dikarou, 2011; Tong et al., 2015). While 
flow past four cylinders has been studied extensively, the studies of the VIV of four 
cylinders in fluid flow are very rare. Zhao and Cheng (2012) studied response of four 
cylinders in a square arrangement with a constant spacing ratio of 3 and various flow 
approaching angles numerically. The lock-in regime of the four cylinders was found to be 
affected significantly by the flow approaching angle.  
In this study, VIV of four cylinders in an inline square arrangement at a low Reynolds 
number of 150 and a low mass ratio of 2.5 is studied numerically. Previous studies have 
shown that flow past four cylinders becomes three-dimensional at lower Reynolds number 
than that past a single cylinder. Lam et al. (2008) reported that the flow in the wake of four 
cylinders is three-dimensional at Re=200. Tong et al. (2013) reported that when the 
Reynolds number is in the range of 100 ≤ Re ≤ 220, the flow between the downstream and 
the upstream cylinders is two dimensional and the three-dimensionality behind the 
downstream cylinders is very weak. Zhao et al. (2014) found that the wake flow behind a 
vibrating cylinder in the lock-in regime transits to 3D at a higher Reynolds number 
(Re=250) than that of a stationary cylinder. Reynolds number of 150 chosen in this study is 
due to a compromise between achieving a fully developed VIV and minimizing the three-
dimensional flow. Previous studies have shown that a fully developed VIV can be achieved 
at Reynolds number of 150 and the three-dimensionality is relatively very weak at 
Reynolds number of 150. 
The flow around the cylinders and the response of the cylinders are predicted by 
solving the two-dimensional Navier-Stokes (NS) equations and the equation of motion, 
respectively. Simulations are conducted for four rigidly connected cylinders and four 
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separately mounted cylinders. Rigidly connected cylinders are often found in offshore 
engineering applications. For example, the main structure of a tension leg platform is 
comprised of four vertical cylinders that are connected by horizontal pantoons. In this case 
the four cylinders respond approximately as a single object to various environmental 
loadings. Since the vertical cylinders are often closely spaced, the flow interference around 
the cylinders has a significant effect on the response of the cylinders. A group of separately 
mounted cylinders are found in offshore oil and gas engineering applications where risers 
are sometimes arranged in close proximity and subjected to VIV induced by ocean currents. 
It is expected that the flow characteristics around and VIV responses of four separately 
mounted cylinders are different from those of four rigidly coupled cylinders.  
5.2 Numerical Method 
In the numerical simulations, the non-dimensional diameter of each cylinder is taken 
as 1 and the non-dimensional spacing (spacing to diameter ratio) between two adjacent 
cylinders is denoted as L. For four rigid connected cylinder, one-degree-of-freedom 
(1DOF) vibration in the cross-flow direction (Figure 5.1 (a)) and two-degree-of-freedom 
(2DOF) vibration (Figure 5.1 (b)) of the cylinders are considered. For four separately 
mounted cylinder, only 1DOF vibration of the cylinder is considered (Figure 5 (c)). The 
governing equations for the flow around the cylinders are the two-dimensional 
incompressible Navier-Stokes (NS) equations. The Arbitrary Lagrangian Eulerian (ALE) 
scheme is implemented to account for the moving boundaries of the cylinder surfaces. The 
velocity (u, v), the time t, the coordinate (x, y) and the pressure p are non-dimensionalized 
as )/()~,~(),( n Dfvuvu  , n
~
ftt  , Dyxyx /)~,~(),(  , )/(
~ 22
n Dfpp  , respectively, where 
the tildes denote the dimensional parameters. By using the above non-dimensionalization 
method, the NS equations in the ALE are expressed as 
 
jj
ir
ij
i
jj
i
xx
uV
x
p
x
u
uu
t
u










 2
Re
ˆ ,                                                             (5.1) 
0


i
i
x
u
                                                                                                (5.2) 
where x1=x and x2=y are the Cartesian coordinates in the in-line and the transverse 
directions of the flow as defined in Figure 5.1, respectively; ui is the fluid velocity 
component in the xi-direction and iuˆ  is the moving velocity of the mesh nodes. For four 
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separately mounted cylinders, the motion of each cylinder is predicted by solving the 
equation of the motion of this cylinder: 
 
 
 
 
 
 
Figure 5.1:  Sketches and meshes for VIV of four rigidly connected cylinders in an in-line 
arrangement. (a) 1DOF VIV of four rigid connected cylinders in the cross-flow direction; 
(b) 2DOF of VIV four rigid connected cylinders in the cross-flow direction (c) VIV of four 
separated mounted cylinders; (d) Computational mesh for a spacing ratio of L=2; (e) 
Computational mesh for L=2 when the two downstream cylinders are very close to each 
other. 
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where Yk is the displacement of the k-th cylinder; m
*
 = m/md is the mass ratio with m being 
the mass of the k-th cylinder and 4/
2
d Dm   is the mass of the displaced fluid by the k-
th cylinder; 
Km
c
2
  is the damping ratio with c and K being the damping constant and 
spring constant of the system, respectively and CLk is the lift coefficient of the k-th 
cylinder. The drag and lift coefficients of a cylinder are defined as )2//(
2DUFC DkDk   
and )2//(
2DUFC LkLk  with FDk and FLk being the drag and lift forces in the in-line and 
the cross-flow directions, respectively. 
For four rigidly connected cylinders, the equation of the motion is 
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where X and Y are the displacement of the cylinder group in the x- and y-directions, 
respectively, DAC  and LAC  are the averaged drag and lift coefficient of the four cylinders. 
The governing equation for calculating the displacements of the nodes of the FEM mesh is 
(Zhao and Cheng, 2011) 
  0 xS ,                            (5.5a) 
  0 yS ,                     (5.5b) 
where xS  and yS  represent the displacements of the nodal points in the x- and y-
directions, respectively, and γ is a parameter that controls the mesh deformation. To avoid 
excessive deformation of the near-wall elements, the parameter γ in a finite element is set 
to be A/1 , with A being the area of the element. The displacement of the mesh nodes is 
the same as the displacement of the cylinder on the cylinder surface and zero on other 
boundaries. By specifying the displacements at all the boundaries, Eq. (5.5) is solved by a 
Galerkin finite element method. When the cylinders only move in the cross-flow direction, 
only Equation (5.4b) is solved. the mesh nodes are moved only in the cross-flow direction 
after each computational time step.  
A rectangular computational domain with a height of 40D in the cross-flow direction 
and a width of 60D in the flow direction is used, corresponding to a blockage ratio of 0.05. 
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Previous studies showed that the domain width has little effects on the result of the 
cylinder response if the blockage ratio is less than 0.05 (Zhao et al., 2012; Navrose and 
Mittal, 2013). The computational domain is divided into four-node quadrilateral bi-linear 
finite elements as shown in Figure 5.1(c). The number of the finite element nodes varies 
from 49725 to 50083 for L=1.5 to 4. Refined elements are used close to the cylinder 
surfaces in order to capture the strong variations of the flow field. A total of 96 elements 
are distributed along the surface of each cylinder. The minimum non-dimensional mesh 
size at the cylinder surface is 0.002. On the inlet boundary, the horizontal velocity is set 
equal to Vr and vertical velocity component is set to zero. On the cylinder surfaces, the 
flow velocity equals to the vibration speed of the cylinders. At the outflow boundary the 
pressure is set to be zero and the gradient of the velocity in the flow direction is zero. At 
the two lateral boundaries, the gradient of the pressure and the velocity in the cross-flow 
direction are zero.  
When two cylinders are very close to each other, the use of Eq. (5.5b) can lead to an 
undesirable distorted mesh in the gap between two adjacent cylinders in the same column, 
resulting in a breakdown of simulations. To prevent this from happening, the finite element 
size in the y-direction in a small area within the gap (marked by dashed lines in Figure 
5.1(d)) is set uniform when the gap between two cylinders is smaller than 0.2 diameters. 
Figure 5.1(e) shows an example of the computational mesh when the two downstream 
cylinders are about to collide with each other. It can be seen that good mesh quality is 
retained even when the two downstream cylinders are very close to each other. 
For four separately mounted cylinders, the collisions between the two upstream 
cylinders or between the two downstream cylinders are possible. To avoid simulation 
breakdowns induced by cylinder collisions, the two cylinders are considered to collide with 
each other and forced to separate from each other if the gap between two cylinders 
becomes less than 0.02 diameters during any stage of the simulation. After the collision, 
the velocities of the two cylinders are calculated according to the conservation law of the 
momentum (Rahmanian et al., 2014). Collision is only found in a very small range of the 
reduced velocity with spacing ratios of 1.5 and 2 in the present study.  
 
5.3 Flow past four stationary cylinders in an in-line square 
arrangement 
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To validate the numerical model, simulations of flow past four stationary circular 
cylinders in an inline square arrangement at Re=200 are carried out and the numerical 
results are compared with the published data. Figure 5.2 shows the instantaneous vorticity 
contours for flow past four stationary cylinders for a range of spacing ratio at Re=200. The 
non-dimensional vorticity shown in Figure 5.2 is defined as )//()~/~~/~( DUyuxv  . 
It is seen from Figure 5.2 that the flow around the cylinder array can be considered as the 
interaction of flows around two rows of tandem cylinders. At relatively small spacing 
values, say L≤2.0, the interaction between the shear layers formed inside the gap between 
two cylinder rows is strong and this appears to have weakened their interactions with the 
corresponding shear layers from the two outer sides of the cylinder rows, leading to a 
reduced lift coefficient on each cylinder compared with that of a single isolated cylinder, 
which will be detailed later on.  
 
 
 
Figure 5.2:  Instantaneous vorticity contours for flow past four stationary cylinders at 
Re=200 
The vortex shedding from the upstream cylinders is observed only when the spacing 
ratio L≥3.0 for the cases considered in this study. Based on instantaneous flow snapshots 
(a) L=1.5, Ut/D=500 (b) L=2, Ut/D=500
(c) L=2.5, Ut/D=500 (d) L=3, Ut/D=500
(e) L=3.5, Ut/D=500 (f) L=4, Ut/D=500
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shown in Figure 5.2, the vortex shedding processes from the two upstream cylinders C1 
and C2 are almost in phase with each other for L=3 and 5 and nearly in anti-phase with 
each other for L=3.5 and 4. It is noted that the in phase flow features observed at L=3 and 
the anti-phase flow features observed at L=3.5 and 4 largely remain their corresponding 
states over the entire period of simulation with very small phase shifts and no transient 
mode swapping is observed in those cases.  
A distinct flow feature observed in Figure 5.2 is the asymmetrical wake structures 
about x axis behind the cylinder array. For example, the wake structure (x >4.0) is clearly 
biased downwards for L=3, where the vortices shed from the top row of cylinders occupied 
a majority of the wake space behind the cylinder array. For L=3.5, 4 and 5, the wake 
structure behind the top row of cylinders is not exactly the same as that from the bottom 
row of cylinders. The asymmetrical vortex shedding flow in the wake of the four cylinders 
is similar to that observed in Figure 5.5 in Lam et al. (2008).  
The flow features shown in Figure 5.2 can be better understood by observing the 
transient lift coefficient on the cylinders as shown in Figure 5.3, where the time histories of 
the lift coefficient on C3 and C4 are presented. For L≤2.5, the time histories of the lift 
coefficient on C3 and C4 are very irregular. This is due to (1) the strong interaction 
between the attached wakes of upstream cylinders and the downstream cylinders and (2) 
the interaction of shear layers from the top and bottom rows of cylinders in the cylinder 
array. The time histories of the lift coefficient on C3 and C4 become rather regular for L≥3. 
It is speculated that this is related to the onset of vortex shedding from the upstream 
cylinders. For L=3, the higher amplitude of lift coefficient observed on C4 than C3 is 
attributed to the biased wake structure towards the direction of C3. For L=4, the amplitudes 
of the lift coefficients on C3 and C4 are similar and fluctuate periodically.  
Whenever the lift coefficient on C3 reaches its maximum, the lift coefficient on C4 
reaches its minimum and vice versa. This is a direct indication of the interaction of shear 
layers and vortices in the wakes of tow cylinder rows and suggests that the vortices from 
C3 and C4 dominate the wake flow alternatively. At L= 5 the lift coefficients of the two 
downstream cylinders becomes in-phase and anti-phase with each other alternatively, 
indicating the alternate change between the in-phase and the anti-phase vortex shedding 
pattern.  
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Figure 5.3:  Time histories of the lift coefficients of C3 and C4 for flow past four stationary 
cylinders at Re=200 
Figure 5.4 shows the comparison between the calculated mean drag coefficient 
(averaged over 40 vortex shedding period) and RMS lift coefficient on individual cylinders 
with the 2D numerical results of Lam et al. (2008). For the flow past four cylinders in a 
square arrangement, vortex shedding does not occur behind the two upstream cylinders 
until the spacing ratio L exceeds a critical value. Because the vortex shedding flow in the 
wake of the four cylinders is asymmetric, i.e. the vortex shedding from one downstream 
cylinder dominates that from the other downstream cylinder as shown in Figure 5.2, 
resulting in different force coefficients on the two downstream cylinders (Lam et al., 
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2008). It appears that the difference in the mean drag coefficient between the two upstream 
cylinders is smaller than that between the two downstream cylinders. The predicted 
variations of the mean drag coefficients with the spacing ratio agree well with the results of 
Lam et al. (2008). For L=4, the present mean drag coefficients on C3 and C4 are close to 
each other, because the amplitude of the lift coefficients of both cylinders vary with time as 
shown in Figure 5.3 (d) and the long period average evens out the difference in the lift 
coefficients on C3 and C4. It is observed from Figure 5.4 that the mean drag and RMS lift 
coefficients on all four cylinders experience sudden changes at approximately L= 2.6.  
The sudden changes observed at L= 2.6 actually correspond to the onset of vortex 
shedding from the upstream cylinders. Therefore L=2.6 is identified as the critical spacing 
ratio for the vortex shedding from the upstream cylinders in this study. Once the vortex 
shedding occurs behind the two upstream cylinders, the mean drag coefficient of the 
downstream cylinders increases significantly, but is still much smaller than those on the 
two upstream cylinders. The present results of the RMS lift coefficient agree very well 
with those by Lam et al. (2008). Due to the strong influence from the upstream cylinders, 
the RMS lift coefficient on the downstream cylinders is much greater than that on the 
upstream cylinders if the vortex shedding occurs (L≥ 2.6.). 
Flow past four stationary cylinders at Re=150 is also simulated to obtain reference 
flow structures and force coefficients for VIVs of the four cylinder systems. To trigger the 
onset of the asymmetrical wake structures observed at Re = 150, each of the four cylinders 
is initially rotated in the anti-clockwise directions with a surface tangential speed of 
uT=Usin(2πt/10) until Ut/D=10, after which the rotation is stopped.  
The force coefficients for flow past four stationary cylinders at Re=150 are shown in 
Figure 5.5. When the spacing ratio is increased from 2.5 to 3, the vortex shedding from the 
two upstream cylinders occurs, evidenced by the sharp increase in the RMS lift coefficient. 
The vortex shedding flow patterns for Re=150, although are not presented here, are similar 
to those for Re=200. The occurrence of the vortex shedding from the two upstream 
cylinders results in big changes in the mean and RMS force coefficients on all of the 
cylinders. 
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Figure 5.4:  Variations of the mean drag and the RMS lift coefficients with the spacing 
ratio for flow past four stationary cylinders for Re=200 
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Figure 5.5:  Variation of the force coefficient with the spacing ratio for flow past four 
stationary cylinders at Re=150 
 
The biased wake vortex flow is also observed for 5.3L , judging by the difference 
between the forces on the two downstream cylinders. The repulsive lift coefficients 
(negative mean lift coefficient of C1 and C3 and positive mean lift coefficient of C2 and 
C4) at small spacing ratios were also observed by Farrant et al. (2000). The repulsive mean 
lift coefficients of the two upstream cylinders are stronger than those of the two 
downstream cylinders.  
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5.4 1DOF VIV of four rigidly connected cylinders in the cross-
flow direction 
The present numerical model has been validated against VIVs of a single cylinder and 
two cylinders at low Reynolds numbers (Zhao 2013) previously and will not be further 
validated in the present study. It should be pointed out that the computational meshes used 
in the present study are selected based on a mesh dependency study for both cases with 
stationary and oscillating cylinders, although these results are not detailed here. 
5.4.1   Response amplitude and frequency 
Two initial conditions are used in this study to identify the effects of the initial 
condition on the solution. The initial condition 1 (IC1) corresponds to zero intial velocity 
and pressure in the fluid, and zero initial velocity and displacement of the cylinder. The 
initial condition 2 (IC2) corresponds to an asymmetric condition that will be discussed 
later on. VIV of four rigidly connected cylinders in an in-line square arrangement is 
simulated for a constant Reynolds number of 150, a constant low mass ratio of 2.5, and 
spacing ratios of 1.5, 2, 2.5, 3 and 4. The damping ratio is set as zero in the simulations. 
Simulations are carried out over a range of reduced velocity from 1 to 25. This range of 
reduced velocity is found wide enough to cover the lock-in regimes for all the spacing 
ratios investigated in this study. The four rigidly cylinders vibrate in the cross-flow 
direction as a single body. In all the simulations the length (streamwise direction) and the 
width (cross-flow direction) of the computational domain is taken as 60D and 40D, 
respectively. The four cylinders are placed 20D from the inlet boundary. The 
computational meshes used for simulating VIV are the same as the ones used for flow past 
four stationary cylinders.  
Figure 5.6 shows the variations of the response amplitude and frequency with the 
reduced velocity. The non-dimensional amplitude in the cross-flow direction (y-directions) 
is defined as 2/)( minmaxy YYA  , where the subscripts “max” and “min” stand for the 
maximum and minimum displacements, respectively. The response frequencies are 
determined by the Fast Fourier Transform (FFT) of the cylinders‟ displacement. The 
frequency corresponding with the highest response amplitude is deemed as the response 
frequency in this study. The non-dimensional frequency fy is defined as the ratio of the 
response frequency to the structural natural frequency.  
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Figure 5.6:  Variations of response amplitude and frequency with the reduced velocity for 
VIV of four rigidly connected cylinders. DyA 5.2,  and DV 5.2r,  are defined as 
)5.2/(y5.2, DAA Dy   and )5.2/( n5.2r, DfUV D  , respectively. 
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The lock-in regime for a single cylinder is identified as 85.3 r V  based on relatively 
large response amplitudes and the closeness between the natural frequency and the 
vibration frequency. For L=1.5, the maximum response amplitude is about twice that of the 
single cylinder and the lock-in regime is also much wider than that of the single cylinder. 
The response frequency for L=1.5 increases with increasing reduced velocity until Vr=7, 
after which the response frequency changes little until Vr=25. It appears that the four 
cylinder array responses in a similar way (but not exactly the same) to a single cylinder 
with a larger dimension than the cylinder diameter D. To demonstrate this point, the 
response amplitudes and frequency for the case with L=1.5 normalized by 2.5D rather than 
D are shown in Figure 5.6 (a), where DyA 5.2,  and DV 5.2r,  are defined as )5.2/(y5.2, DAA Dy   
and )5.2/( n5.2r, DfUV D  , respectively. It is found that the variation of DyA 5.2,  with DV 5.2r,  
for L=1.5 is similar to the variation of Ay  with Vr for a single cylinder. The smaller 
response amplitude of DyA 5.2,  for the case with L=1.5 than Ay of the single cylinder over 
the lock-in regime is largely due to the gap flow through the cylinder array. 
The response amplitudes for L=2 are the smallest among all the spacing ratios 
considered in this study, although the response frequency for L=2 is close to the natural 
frequency over a wide range of reduced velocity of 253 r V . The low response 
amplitudes observed for L=2 is believed to be due to the flow transition from a near single 
body wake to multi-body interacting wakes. The strong interactions of the shear layers 
passing through the gap between the top and bottom rows of cylinders and the merging of 
the vortex shedding from the top and bottom rows of the cylinders into a single global 
wake influence the lift force on the cylinders. Since these processes occur at different 
frequencies, the lift coefficient spectrum at L=2 is characterized by multiple peaks at 
different frequencies as shown in Figure 5.7.  
In Figure 5.7, the cylinder displacement and lift coefficient spectra are plotted as 
functions of both Vr and fy. To maintain uniformity, each spectrum shown in Figure 5.7 is 
normalized by the amplitude of the highest peak. The variations of the peak frequencies of 
the displacement and the lift coefficient with the reduced velocity are plotted on the Vr-fy 
plane (the red curves). It is seen from Figure 5.7 (d) that for L=2, the spectra of the lift 
coefficient are broad-banded over a wide range of reduced velocity, leading to the 
reduction in the response amplitude. 
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Figure 5.7:  Normalized FFT amplitude spectra of the displacement and the total lift 
coefficient for VIV of four rigidly connected cylinders. The amplitudes of the 
displacement and the lift coefficient are normalized by their peak amplitudes, respectively. 
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The response is generally very irregular when the lift is broad-banded because the 
component of the lift force that synchronizes with the vibration frequency is not 
necessarily the one with the highest peak value. This explains why the response amplitude 
for L=2 is the lowest among other spacing ratios. For L=1.5, the sudden reduction of 
response amplitude observed at Vr between 20 to 23 is also because the cylinder oscillation 
did not synchronize with the dominant lift component as shown in Figure 5.7 (b). The red 
curve in the figure is the peak frequencies. Zhao and Cheng (2012) also reported that the 
peak response frequency is different from the peak frequency of the lift force for irregular 
response of four cylinders in the turbulent flow regime. For a broad-banded lift force 
spectrum, it is the lift component with the closest frequency to the natural frequency that 
excites the vibration regardless whether it is the dominant lift component. A response is 
defined as in the lock-in regime in this study if the difference between the dominant 
displacement and lift frequencies is less than 5%. This is the reason why the cases such as 
9r V  for L=2 and 21r V  for L=1.5 are not classified as in the lock-in regime, even 
though the response frequency is close to the natural frequency.  
It is found the VIV response of the cylinder array at L = 3 and 4 is hysteretic, i.e. the 
response amplitudes at the same Vr are different, depending on the ways the simulations 
are initiated. For example, the response amplitude for L=4 becomes absolutely zero as 
9r V when the simulation is initiated with zero fluid velocity and pressure and zero 
displacement and velocity of the cylinder. It will be shown later that the zero response 
amplitude for 9r V  is because the vortex shedding from the top row of the cylinders is in 
anti-phase with the vortex shedding from bottom row of the cylinders at L=4. For the same 
case the response amplitude for 9r V is no longer zero if the simulations are initiated with 
an asymmetric flow field. To quantify this hysteretic effect, the simulations for L= 3 and 4 
are repeated with the equilibrium asymmetric flow field calculated from 7r V  as the 
initial conditions. In the subsequent discussions, we denote the zero initial conditions as 
the initial condition 1 (IC1) and the equilibrium asymmetric flow field calculated from 
7r V  as the initial condition 2 (IC2). The VIV responses obtained with IC1 and IC2 for 
L=3 and 4 are compared in Figure 5.6 (b). Apart from the zero response amplitude for 
9r V with IC1, the response amplitudes for L=3 and 4 in the range of 3r V  with IC1 are 
also zero due to the anti-phase vortex shedding patterns. The non-zero response amplitudes 
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with IC2 are due to the asymmetric vortex shedding patterns from the top and bottom rows 
of cylinders.  
It is observed from Figure 5.6 (b) that if the vibration amplitudes with both IC1 and 
IC2 are non-zeros, the response amplitude and frequency under IC1 are the same as their 
counterparts under IC2, respectively. It should be pointed out that although the lock-in 
regimes for L=3 and 4 are similar to that of the single cylinder, the responses are strongly 
influenced by the interaction of the vortices in the wake of the four cylinder array at these 
two gap ratios, which will be discussed later on.  
It is seen from Figure 5.6 that the vibration amplitudes outside the lock-in range 
10r V  with L=2.5 and 3 are about 0.2 diameters, which are still significantly greater than 
their single cylinder counterpart. This is believed to be due to the greater RMS lift 
coefficient for L=2.5 and 3 cases than that of the single cylinder. The cylinder response 
outside the lock-in range is actually a forced vibration due to the lift force generated by the 
vortex shedding. The vibration amplitude increases with the increase in the RMS lift force. 
It has been shown previously that, if the cylinders are stationary, the RMS lift coefficient 
increases significantly when the spacing ratio exceeds 3 (inclusive) because of the 
occurrence of vortex shedding from the upstream cylinders (Lam et al., 2008; Han et al., 
2015). The increase of the vibration amplitude with the RMS lift force coefficient can be 
illustrated by a simplified 1DOF forced vibration system. If the lift coefficient is 
represented by a sinusoidal function of time, the vibration amplitude of the cylinder system 
without any damping can be determined analytically as  
|)/(1|2
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n
*3
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liftsinusoidaly,
ffm
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CA rLALN


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
                       (5.6) 
where LAC is the RMS averaged lift coefficients of the four cylinder system. The 
liftsinusoidaly,A  is the same as the normalized lift coefficient CLN. Outside the lock-in range, 
the response frequency is the same as the vortex shedding frequency and follows the 
Strouhal law.  
Figure 5.8 shows the variation of the normalized lift coefficient CLN with the reduced 
velocity. It is seen from Figure 5.8 that the variation trends of the normalized lift 
coefficient CLN with the reduced velocity are similar to those of the response amplitude 
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shown in Figure 5.6 at the corresponding spacing ratios. An obvious exception to this 
occurs at Vr=16 and L=1.5, where the normalized lift coefficient CLN assumes a very large 
value because the nonimensional vibration frequency is close to 1 (the denominator of Eq. 
(5.6) is close to zero). The normalized lift coefficient CLN for L=2.5, 3 and 4 (IC2) are 
significantly greater than that of a single cylinder when the reduced velocity is greater than 
10.  
 
 
 
Figure 5.8:  Variation of the normalized lift coefficient with the reduced velocity for VIV 
of four rigidly connected cylinders 
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case with L= 1.5 by examining the response frequencies shown in Figure 5.6(c). Although 
the physical reasons for this was explained qualitatively in relation to the lift and 
displacement spectra shown in Figure 5.7, a quantitative explaination is offered by 
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coefficient between two signals a(t) and b(t) is defined as )(ijC and calculated using n 
periods of data by )(d])([])([
1
)(
0
ba
nT
jab tbtbata
nT
C    , where T is the 
vibration period, τ is the time lag, a  and a  are the standard deviation of a(t) and b(t), 
respectively, and a  and b are the mean values of a(t) and b(t), respectively. It is seen from 
the definition that the cross correlation coefficient is also time dependent with a period that 
is the same as the period of cylinder vibration. The cross correlation coefficient Cab(τ) for 
T0 are calculated and the maximum value of Cab(τ) is is denoted by Cm,ab. For 
signals (a and b) with identical frequencies, we have abmC , =1. The phase between a and b 
is defined as baab   , where a  and b  are the phase of the vibrations of a and b, 
respectively. The time lag corresponding to the maximum value of abmC ,  is defined as τm 
and the time lag is converted to the phase difference by Tmab /2  . In this study, 30 
periods of data (i.e. n=30) are used to calculate the phase difference.  
It can be seen that excellent correlations between the lift coefficient and the 
displacement are observed in the cases with L=3 and L=4 under IC2 and poor correlations 
are observed for 10r V  in the cases with L=2 and 2.5 and for 19r V  in the case with 
L=1.5. These are consistent with the qualitative explanations offered from the observations 
of power spectra of the lift coefficient and displacement in Figure 5.7.  
The phase differences between the lift coefficient and the displacement ( ) are only 
calculated when the correlation coefficient is greater than 0.9 in this study and shown in 
Figure 5.9. Govardhan and Williamson (2000) found that, for a freely vibrating cylinder in 
a fluid flow at low mass ratios, the vibration frequency jumps from the natural frequency 
measured in fluid (fn,water) to the natural frequency measured in vacuum (fn), when the 
phase between the lift coefficient and the displacement jumps through 90°. The natural 
frequency in a fluid is smaller than that in vacuum, especially when the mass ratio is small. 
The variations of   for the cases with L=3 and L=4 under IC2 are similar to that of a single 
cylinder reported by Govardhan and Williamson (2000). It can be seen that for the case 
with L=1.5, the phase difference between the lift coefficient and the displacement remains 
less than 90° until Vr=18, leading to a vibration frequency that is consistently smaller than 
the structural natural frequency as shown in Figure 5.6 (c). The phases between the 
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displacement and the lift coefficient for L=1.5 and 19r V  are not calculated because the 
correlation is very poor.  
 
 
 
  
 
Figure 5.9:  The correlation coefficient and the phase difference between the lift 
coefficient and the vibration displacement for VIV of four rigidly connected cylinders 
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5.4.2 Vortex shedding patterns 
Vortex shedding flow patterns are investigated in order to explain the VIV responses 
of the four cylinder array presented in the previous subsection. First of all, instantaneous 
vorticity contours for L=1.5 and Vr=15 are shown in Figure 5.10 in order to explain the 
large amplitude oscillations and the wide lock-in regime observed in the case with L=1.5. 
The vortex shedding patterns behind the cylinder array are qualitatively similar to the 2P 
vortex shedding mode of a single cylinder observed in the experiments (Khalak and 
Williamson, 1996, 1997, 1999). Two negative vortices are shed from the cylinder when the 
cylinder is moving downwards and two positive vortices are shed when the cylinder is 
moving upwards, forming a 2P wake. The response amplitude corresponding to 5, which is 
normalized by the cylinder diameter, is much higher than that of a single cylinder because 
of the larger dimension of the four-cylinder structure.  
When the response amplitude and frequency are normalized by 2.5 cylinder diameters, 
the response curve is rather similar to that of a single cylinder case as shown in Figure 5.6, 
suggesting the similarities between the two. It is observed that vortex shedding flow 
patterns shown in Figure 5.10 do not follow the temporal-spatial symmetry strictly as in 
the case of the single cylinder. This is because the VIV response at Vr=15 is not perfectly 
periodic.  
 
 
Figure 5.10: Instantaneous vorticity contours for L=1.5 and Vr=15 for VIV of four rigidly 
connected cylinders 
 
An interesting phenomenon is found in the case with L=2.5 at Vr=5 that the wake 
vortex shedding flow biases towards the bottom side as shown in Figure 5.11. The vortex 
shedding processes from the two upstream cylinders for L=2.5 and Vr=5 appear to 
(a) Y=Ymin (b) Y=Ymax
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synchronize as shown in Figure 5.11. The vortex shedding processes from the two 
downstream cylinders also appears to synchronize. The synchronization of the vortex 
shedding leads to high response amplitudes in the lock-in regime. However, the wake flow 
is asymmetric because all the vortices generated from the gap sides of the cylinders 
(bottom side of the top right cylinder and top side of the bottom right cylinder) are 
convicted towards the bottom right direction instead of the horizontal direction. The 
negative vortices that are shed from the top-right cylinder are lined regularly in a row 
without much disturbance from other vortices in the street. The positive vortices from the 
bottom side of the top downstream cylinder and the negative vortices from the top side of 
the bottom right cylinder interact with each other strongly in the near wake for the cylinder 
array and are largely cancelled out after x>10.  
 
Figure 5.11: Instantaneous vorticity contours for L=2.5 and Vr=5 for VIV of four rigidly 
connected cylinders 
 
A row of positive vortices, mainly from the bottom side of the bottom right cylinder of 
the array, survives for x>10, forming a near parallel vortex street with the row of negative 
vortices above in the range of 10<x<18. The biased near-wake flow structures were also 
found for flow past two side-by-side stationary cylinders (Sumner, 2010 and Williamson, 
1985) and flow past stationary four cylinders (Lam et al., 2008). In this study, the biased 
flow is found to develop immediately after the vortices are shed from the cylinders instead 
of developing slowly as in the case of four stationary cylinders.  
(a) Y=Ymin (b) Y=0, moving up
(c) Y=Ymax
(d) Y=0, moving down
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In the cases where the vibration amplitudes are not zero, the response displacements 
and the flow patterns under IC1 and IC2 are the same. In the simulations in which the 
initial conditions for velocity and pressure are set to zero in the whole fluid domain, 
direction towards which the vortex street is biased is random. However once a bias 
direction is chosen, it remains in that direction and no intermittent change of the bias 
direction is observed in this study. 
Figure 5.12 shows the instantaneous vorticity contours for Vr=5 at different spacing 
ratios. The vortex shedding for L=1.5 and Vr=5 is similar to that of four stationary 
cylinders because the response amplitude outside the lock-in regime is very small. The 
biased flow is also observed for L=2 and 3 at Vr=5, and the biasness of the flow for L=3 
appears much stronger than that for L=2. For the biased flows shown in Figure 5.11 and 
Figure 5.12, strong vortex interactions occur immediately behind the cylinder array and the 
wake further downstream is characterized by parallel rows of vortices.  
 
Figure 5.12: Instantaneous vorticity contours at Vr=5 and different spacing ratios for VIV 
of four rigidly connected cylinders when Y=Ymax 
 
It can be seen that the critical spacing ratio for the vortex shedding to occur from the 
upstream cylinders is much smaller than that for flow past four stationary cylinders. The 
vortex shedding from the two upstream cylinders synchronizes in the lock-in regime. This 
is also different from the anti-phase vortex shedding patterns observed in Figure 5.5. The 
(a) L=1.5, Vr=5 (b) L=2, Vr=5
(c) L=3, Vr=5 (d) L=4, Vr=5
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biased flow disappears when the spacing ratio reaches 5 as shown in Figure 5.12 (d), due to 
the weakening of the interactions of flow around individual cylinders in the array. The four 
rows of vortices are very regularly aligned in the wake of the cylinders for the case with 
L=4 at Vr=5 as shown in Figure 5.12 (d).  
Figure 5.13 shows the instantaneous vorticity contours for different spacing ratios at 
Vr=15, which is outside the lock-in regimes. The vortex shedding for L=2 and Vr=15 is 
similar to that for flow past four stationary cylinders. The vortex shedding from the two 
upstream cylinders disappears outside of the lock-in regime as shown in Figure 5.13 (a). 
The in-phase vortex shedding leads to non-zero, but small response amplitudes outside the 
lock-in regime. For L=4 and Vr=15 with IC1, the vortex shedding from the two top 
cylinders is perfectly out of phase with that from the bottom two cylinders, leading to an 
absolutely zero response amplitude as shown in Figure 5.6 (b). For L=3 and L=4 with IC2, 
the merging of the vortices is found in the wake of the cylinders and the vortex street 
becomes asymmetric. 
 
Figure 5.13: Instantaneous vorticity contours at Vr=15 and different spacing ratios for VIV 
of four rigidly connected cylinders when Y=Ymax 
(a) L=2, Vr=15 (b) L=2.5, Vr=15
(c) L=3, Vr=15 (d) L=4, Vr=15, IC1
(e) L=4, Vr=15, IC2
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Figure 5.14 shows the variation of the RMS lift coefficient on individual cylinders 
with the reduced velocity. CL1 to CL4 stand for lift coefficients on C1 to C4, respectively. It 
is believed that the biased vortex flows as shown in Figure 5.12 and Figure 5.13 are largely 
responsible for the different lift coefficients measured on the two top cylinders from those 
measured on the two bottom cylinders. For L=1.5, where the biased vortex flow is not 
observed and for L=2, where the biasness of the vortex flow is very weak, the RMS lift 
coefficients for cylinders 1 and 3 are the same as those for cylinders 2 and 4, respectively. 
For L=2.5, the difference in the lift coefficient mainly occurs in the range of 74 r V , 
where the response amplitude is high. The largest difference between the lift coefficient of 
cylinders 1 and 3 and that of cylinder 2 and 4 occur in the intermediate spacing ratio for 
L=3 and L=4 with IC2, and these differences are obvious both inside and outside the lock-
in range.  
The asymmetry in the lift coefficients shown in Figure 5.14 (d) and (e) lead to the non-
zero mean cross-flow displacements as shown in Figure 5.15, where the variation of the 
mean cross-flow displacement with the reduced velocity is shown. Since the mean 
deflection of the cylinder array‟s displacement can be either positive or negative due to the 
randomness nature of the biased wake flow, the absolute value of the mean displacements 
are shown in Figure 5.15. Small non-zero mean displacements can be seen for L=2.5 due to 
the weak biased flow. The maximum mean displacement for L=2.5 is about 0.02 occurring 
at Vr=8. However, for L=3, the mean cross-flow displacement increases with increasing 
reduced velocity because the wake flow remains biased over the entire range of reduced 
velocity covered in this study. At Vr=25, the mean deflection of the cylinders is about 0.12. 
The deflection of the cylinder displacement is expected to continue to increase with Vr 
because the dimensional mean lift force increases with the increase in the incoming 
velocity. When 11r V , the deflection of the mean displacement for L=3 is strongest among 
other calculated spacing ratios.  
To examine the contribution of the lift force on each of the cylinders to the vibration 
of cylinder array, the lift force that are in-phase with the velocity of the cylinder, which 
excites the vibration, is separated from the total lift force. In this study, the component of 
the force that is in-phase with the velocity of the cylinder is defined as the excitation force, 
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because it transfers energy from the fluid flow to the cylinder. The excitation lift force is 
defined as FLE and it is calculated by (Bourguet and Lo Jacono, 2014) 
 
 
 
Figure 5.14:   Variation of the RMS lift coefficient on individual cylinders with the 
reduced velocity for VIV of four rigidly connected cylinders 
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Then, the excitation lift coefficient CLE is calculated based on the excitation lift force. 
A positive excitation force excites the vibration and a negative excitation force damps the 
vibration. The contribution of the forces on each individual cylinder to the vibration of the 
cylinder array is examined by the time averaged excitation lift coefficient as shown in 
Figure 5.16.  
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Figure 5.15:   Variation of the mean cross-flow displacement with the reduced velocity for 
VIV of four rigidly connected cylinders 
 
 
 
Figure 5.16:  Variation of the time averaged excitation coefficients of individual cylinders 
with the reduced velocity for VIV of four rigidly connected cylinders 
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It can be seen that the forces on two of the four cylinders excite the vibration and those 
on the other two damp the vibration in most of the cases. For L=1.5, 2 and 4, whenever the 
excitation lift coefficients of the two upstream cylinders become positive, those on the two 
downstream cylinders become negative. The contribution of the lift force on each cylinder 
to the VIV of the cylinder array depends on the reduced velocity. For L=1.5, the lift forces 
on the two upstream cylinders 1 and 2 excite the vibration and those on the two 
downstream cylinders damp the vibration for 91 r V  and 2521 r V . The opposite is 
true for 1810 r V . The variation of LEC on two downstream cylinders (C3 and C4) with 
the reduced velocity for L=2.5 are irregular because the strong interaction among the 
vortices in the wake of the cylinder system. For the cases (e.g. L=3 and L=4 with IC2) 
where the vortex shedding flow from the gaps is biased towards one side of the cylinder 
system as discussed above, the situations are slightly different from those observed at small 
spacing ratios. For examples, for 11r V  in the case with L=3 the lift forces on the two 
upstream cylinders equally excites the vibrations, while the lift force on one of the 
downstream cylinder damps the vibrations and that on the other downstream cylinder has 
little contribution to the vibration. For 11r V  in the case with L=4 under IC2, C4 damps 
the vibration, while the other cylinders excites the vibration. The excitation lift coefficients 
for the cases where the response amplitude is zero (L=3 and Vr=3) are not shown in Figure 
5.16 (d).  
5.5 2DOF VIV of four rigid connected cylinders 
When the 2DOF VIV of four cylinders in an in-line square arrangement is simulated, 
the natural frequencies in the x- and y-directions are the same and the other parameters are 
the same as those used in the 1DOF VIV simulations. Figure 5.17 shows the variations of 
the response amplitudes and the cross-flow frequency with the reduced velocity for the 
2DOF VIV. Both the variations of the cross-flow amplitude and the cross-flow frequency 
with the reduced velocity in the 2DOF VIV are similar to their counterparts in the 1DOF 
VIV. Compared with those of 1DOF VIV, the maximum response amplitudes in the lock-
in regime of the 2DOF VIV are increased by about 21%, 4%, 5% and 5% for L=1.5, 2.5, 3 
and 4, respectively. No obvious increase in the maximum amplitude is found for L=2. The 
similarity between the response in the cross-flow direction in the 2DOF VIV and that in 
the 1DOF VIV is because the response amplitudes in the in-line direction are much smaller 
than that in the cross-flow direction as shown in Figure 5.17 (a) – (d).  
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Figure 5.17: Variations of the response amplitudes and the cross-flow frequency with the 
reduced velocity for the 2DOF VIV 
 
For L=4 and Vr=6, where the cross-flow amplitude is comparable with the inline 
amplitude, the cylinders vibrate in a diagonally elliptic track as shown in Figure 5.18, 
where the XY-trajectories of the vibration are presented on the top left corners of the 
vorticity contours maps. In Figure 5.18 a pair of vortices is found to be shed from each 
cylinder in one period of vibration. The vortices from the bottom sides of the two upstream 
cylinders pass through the gap between the two downstream cylinders and the space below 
the bottom right cylinder, respectively (Figure 5.18 (d)), while the two vortices from the 
top sides of the two upstream cylinders attack the two downstream cylinders, respectively. 
The vortex shedding from the top left cylinder is in the P+S mode, i.e. one pair and a single 
vortices are shed from the cylinder in one period of vibration (labelled by A, B and C in 
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Figure 5.18). The vortex shedding from the bottom left cylinder is in the 2S mode (the two 
single vortices are labelled by D and E). The different behaviors of the vortices from the 
bottom sides and those from the top sides of the two upstream cylinders make a force 
unbalance in the in-line direction and further the strong vibration in the in-line direction.  
 
Figure 5.18: Vorticity contours for the 2DOF VIV at L=4 and Vr=6 
 
 
Figure 5.19 shows the XY-trajectories for reduced velocities from 1 to 25 with an 
interval of 2 and all the simulated spacing ratios. By comparing Figure 5.19 with Figure 
5.10, it can be seen that the vibrations are generally regular with high amplitude when the 
response is in the lock-in regime. For L=1.5, the XY-trajectories are in the shapes of “8” in 
the lock-in regime and very irregular outside the lock-in regime. For L=2, vibrations are 
very irregular in the range of 2511 r V . Similar to that in the 1DOF VIV, the lift 
coefficient for L=2 in the range of 2511 r V  is found to contain multiple frequencies 
and the frequency component close to the natural frequency may excite some response 
amplitude as shown in Figure 5.17 (c). The XY-trajectories for L=2.5, 3 and 4 are in the 
shape of “8”. Sometimes, one loop of the “8” becomes much smaller than another. For 
L=4, the cylinders mainly vibrate in the in-line direction as the reduced velocity exceeds 17 
and the flow pattern becomes anti-phase. Since the cylinders vibrate mainly in the cross-
flow direction in the lock-in regime, the flow structures in the 2DOF VIV cases are similar 
to those in the 1DOF VIV cases and will not be presented here.  
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Figure 5.19:  XY-trajectories for the 2DOF VIV 
 
Figure 5.20 shows the variation of the correlation coefficient between the lift 
coefficient and the cross-flow displacement for the 2DOF VIV. The variations of the 
correlation coefficient are similar to those in the 1DOF VIV shown in Figure 5.9. The very 
poor correlation for L=2 and 10r V  corresponds to the very irregular vibration as shown 
in Figure 5.20. For L=1.5, the correlation becomes poor whenever the response amplitude 
becomes small.  
 
 
Figure 5.20: Variation of the correlation coefficient between the lift coefficient and the 
cross-flow displacement for the 2DOF VIV 
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Figure 5.21:  Variations of the time averaged excitation drag and lift coefficients with the 
reduced velocity for the 2DOF VIV 
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Figure 5.21 shows the variations of the excitation drag and lift coefficients with the 
reduced velocity for the 2DOF VIV. Similar to those in the 1DOF VIV, the lift forces of 
the two upstream cylinders 1 and 2 play a same role in terms of exciting or damping the 
vibration in the cross-flow direction, while the lift forces of the two downstream cylinders 
3 and 4 play a same role in most of the regular vibration case. The variation of the mean 
excitation lift coefficient in the 2DOF VIV with the reduced velocity is also similar to that 
in the 1DOF VIV. The variation of the excitation drag coefficient with the reduced velocity 
is only regular for L=1.5, mainly because the four cylinders behave as a single body.  
 
5.6 VIV of four separately mounted cylinders  
5.6.1 Response modes 
In this section, VIV response of four separately mounted cylinders as shown in Figure 
5.1 (c) is investigated. The parameters used here are the same as those used in the previous 
sections, i.e. Re=150, m
*
=2.5, Vr=1 – 30. The spacing ratio varies from 1.5 to 5 with an 
increment of 0.5. To identify the effects of the initial condition (IC) on the responses of the 
cylinders, two initial conditions are used. The initial condition 1 (IC1) represents the 
situations in which the pressure and velocity fields, the displacement and velocity of the 
cylinder are initially set to zero. After the simulations under IC1 are completed, it is found 
that the vibrations of the four cylinders are generally in a symmetric pattern, namely, the 
vibrations of the two bottom cylinders are in anti-phase with respect to those of the two top 
cylinders, respectively, with a few exceptions. For example the vibrations of the top and 
bottom rear cylinders at L=1.5 and Vr=12 are found to be in an in-phase pattern under IC1. 
In order to identify the potential hysteretic effects, simulations were also conducted with an 
asymmetric initial condition (IC2). To trigger the in-phase response pattern in IC2, initial 
displacements of all the four cylinders are specified as one diameter and the initial 
velocities of the cylinders are set to zero. The responses of the cylinders are found to be 
indeed dependent on the initial conditions in many cases. 
Figure 5.22 shows the time histories of the displacement of the four separately 
mounted cylinders under some representative conditions. Based on the comparison of the 
results obtained under IC1 with those under IC2, it can be seen that the initial condition has 
a significant effect on the response. The responses of the cylinders in the top and bottom 
 Chapter 5  VIV of four cylinders 
 
 
119 
 
rows for L=1.5 and Vr=10 are in an anti-phase pattern under IC1 but in an in-phase pattern 
under IC2. For L=3 and Vr=10, while the response is in the in-phase mode under IC2, the 
amplitude of response of C4 varies with time. For L=4 and Vr=10, the responses of C3 and 
C4 under IC1 are generally in an anti-phase pattern, although the response amplitudes 
slightly vary with time. However, for L=4 and Vr=10 under IC2, the correlation between 
C3 and C4 appears to be poor with a transient variation of phase difference between the 
responses of these two cylinder.  
 
 
Figure 5.22: Time histories of the displacement of the cylinders for some representative 
cases of VIV of four separately mounted cylinders 
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In addition to the time histories of the displacement, the cross correlation coefficient is 
also used to examine the similarity between the vibrations of two cylinders in a large 
parameter space. The cross correlation coefficient between the displacements of two 
cylinders i and j, defined as )(ijC , is calculated using the displacements of the two 
cylinders over 30 periods of cylinder vibration. The maximum cross correlation 
coefficients 34mC  over the 30 periods are shown in the legends of the left column in Figure 
5.22. It can be seen that 34mC  is greater than 0.9 in most cases except in Figure 5.22 (h), 
where phase difference between the displacements of C3 and C4 varies with time. The 
degree of correlation between the vibrations of the two cylinders is evaluated by using the 
maximum correlation coefficient mijC . The slightly irregular vibrations of the two 
downstream cylinders in Figure 5.22 (f), where 926.034m C , are also treated to be 
correlated, because the phase between the two vibrations remains constant most of the 
time. In this study, the vibrations of two cylinders i and j are defined to be correlated if
9.0mijC . For the cases with 9.0mijC , the phase angle ij between the displacements of 
the two downstream cylinders are calculated. A constant phase difference between the 
responses of two cylinders only exists only if the responses are correlated to each other. If 
9.034 mC , the vibrations of the two downstream cylinders are deemed to be uncorrelated 
and the phase between them are not calculated. In summary, four response modes are 
revealed based on 34mC  and 34  using the following criteria: 
(1) In-phase mode: 9.034 mC  and  5|| 34 ; 
(2) Anti-phase mode: 9.034 mC  and  5|180| 34 ; 
(3) Correlated out-of-phase-mode: 9.034 mC  and  5|180| 34 ; 
(4) Uncorrelated mode: 9.034 mC .  
It should be noted that the correlation between the two upstream cylinders is found to 
be the same as that between the two downstream cylinders. If the responses of the two 
downstream cylinders are in the in-phase mode, the responses of the two upstream 
cylinders are also in the in-phase mode and vice versa.  
The response modes of all the simulated cases are identified with the aid of Figure 
5.23, where the variations of the maximum cross correlation coefficient and the phase 
difference between the two downstream cylinders with the reduced velocity are shown. It 
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can be seen in Figure 5.23 (a) and (b) that for small spacing ratios of L=1.5 and 2, the 
correlation coefficients between the two downstream cylinders are close to 1, except at 
very small reduced velocities of 1 and 2. It is interesting to see that in a wide range of 
reduced velocity ( 206 r V  and 187 r V  for L=1.5 and 2, respectively), the response 
is dominated by the anti-phase mode under IC1 and by the in-phase mode under IC2.  
 
Figure 5.23: Variation of the maximum correlation coefficient and the phase between the 
two downstream cylinders with the reduced velocity for VIV of four separately mounted 
cylinders 
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correlation coefficient 34mC  is very small. From Figure 5.23 (g) and (h) it can be seen that, 
for large spacing ratios and large reduced velocities, the in-phase mode does not exist and 
the anti-phase mode only occurs under IC1, while the response under IC2 is dominated by 
the uncorrelated mode. The vibrations of the two downstream cylinders are uncorrelated 
with each other, probably because of the weak interaction between them.  
 
Figure 5.24: Distribution of the response modes on the Vr-L plane for VIV of four 
separately mounted cylinders 
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L=1.5, 2 and 2.5 and occasionally at L=5. The correlated out-of-phase modes are 
sporadically scattered on the Vr-L plane in Figure 5.24 (c). When the two downstream 
cylinders are not too far away from each other )5.3( L , each of the three correlated 
response modes can occur in continuous ranges of reduced velocity. Two vibrations 
become correlated only if there is interferences between them. When the spacing ratio is 
relatively small, the interference between the two downstream cylinders makes the two 
vibrations correlated. If the spacing ratio is very large, the vibrations of the top row and the 
bottom row of the cylinders are less correlated because the wake interaction becomes 
weak. 
5.6.2 Vibration amplitude and frequency 
Figure 5.25 shows the variation of the response amplitude with the reduced velocity 
under both IC1 and IC2. It can be seen that the difference between the response amplitude 
of each cylinder and that of a single cylinder decreases with the increase of the spacing 
ratio. The response amplitudes of the two upstream cylinders (C1 and C2) are very close to 
that of the single cylinder when 5.3L . However, the amplitude of each of the 
downstream cylinders still differs significantly from that of the single cylinder at the 
largest simulated spacing ratio L=5, mainly because of the influence of the vortex shedding 
from the two upstream cylinders. The oscillation amplitude of the lift coefficients of the 
downstream cylinders are significantly increased compared with that of the single cylinder 
if the spacing ratio exceeds a critical value (Lam et al., 2003). The increased lift coefficient 
results in the increase in the response amplitude.  
The experimental studies by Assi et al., (2006, 2010) and Huera-Huarte and Gharib 
(2011b) found that when a cylinder is elastically mounted in the wake of a stationary 
cylinder, the wake-induced vibration (WIV) of the downstream cylinder remains high 
amplitude for high reduced velocities. In this study, although the amplitudes of the two 
downstream cylinders at high reduced velocities are increased compared with that of the 
single cylinder, they are significantly lower than those observed in the laboratory tests of 
WIV of a cylinder in the wake of a stationary cylinder. This is mainly because the 
Reynolds number used in this study is much smaller than those used in the experiments. 
Bao et al. (2011) and Zhao (2013) found that the vibration amplitude of an elastically 
mounted cylinder in the wake of a stationary cylinder for Re=150, m
*
=2.55 and ζ=0 
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reduced with increasing reduced velocity after it peaks at about Vr=6, instead of 
continuously increasing with the reduced velocity.  
 
 
Figure 5.25: Variation of the response amplitude with the reduced velocity under both IC1 
and IC2 for VIV of four separately mounted cylinders 
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Figure 5.26 shows the contours of the maximum amplitudes of the two upstream 
cylinders and the two downstream cylinders on the Vr-L plane. The maximum amplitudes 
for the upstream and downstream pairs of cylinders are defined as the maximum amplitude 
of C1 and C2 and the maximum amplitude of C3 and C4 respectively, regardless of initial 
conditions. It can be seen that the maximum amplitudes of both upstream and downstream 
cylinders occurs at the smallest spacing ratio of 1.5. When the spacing ratio is greater than 
3, the variation of the maximum amplitude with the spacing ratio becomes very weak. The 
maximum amplitude of the two downstream cylinders occurs in the range of 86 r V  for 
all the simulated spacing ratios greater than 2.5.  
 
Figure 5.26:   Contours of the maximum amplitude of (a) the two upstream cylinders and 
(b) the two downstream cylinders on the Vr–L plane for VIV of four separately mounted 
cylinders 
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The variations of the response frequency with the reduced velocity are shown in 
Figure 5.27. It is found that for L=1.5 and 2 and when the reduced velocity exceeds 8, the 
response frequency in all the cases is lower than that of a single cylinder, regardless the 
initial condition. The vibration frequency of all the four cylinders is close to that of a single 
cylinder at large spacing ratios because the interference between the cylinders is very 
weak.  
 
Figure 5.27:   Variation of the response frequency of cylinder 3 under both IC1 and IC2 for 
VIV of four separately mounted cylinders 
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due to the very small gaps among the cylinders. The two vortices that are shed from the 
gap between the two downstream cylinders are very weak because they are not shed 
naturally and are shed due to the collision between the two downstream cylinders. The 
weak vortices from the gap weaken the vortex interaction and further reduce the vibration 
frequency, compared with that of a single cylinder. Based on the directions of the cylinder 
velocity marked inside the cylinders in Figure 5.28, it can be seen that the vibrations of the 
two downstream cylinders lag those of the two upstream cylinders. This can be explained 
by the motion of the vortices. When the two upstream cylinders come to close to each 
other (Figure 5.28 (a)), the two vortices behind the gap grow to their maximum strength 
and attract the two downstream cylinders together. When the two upstream cylinders are 
separating from each other, the vortices from the outer sides of the two cylinders attract the 
two downstream cylinders always from each other.  
 
 
Figure 5.28:   Instantaneous vorticity contours for L=1.5 and Vr=11 in the anti-phase mode 
for VIV of four separately mounted cylinders 
 
Figure 5.29 shows a typical vortex flow structure of the in-phase response mode. Only 
one vortex street is observed in the wake of the cylinders, which is similar to that when the 
four cylinders are rigidly connected with each other. Although the four cylinders vibrate 
separately, the velocity of the four cylinders is in the same direction over the majority of a 
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vibration period, resulting in a vortex structure similar to that in the wake of a single 
structure. Although there is a phase difference between the vibrations of the upstream and 
downstream cylinders (about 90°), the gaps among the cylinders always remain very small. 
When the four cylinders are moving up as shown in Figure 5.29 (a)), the shear layers from 
the bottom of the two downstream cylinders merge, forming a larger vortex. The vortex 
merging also happens when the four cylinders are moving down (Figure 5.29 (c)). The 
merging of vortices makes the four cylinders behave as a single object with a dimension 
greater than the cylinder diameter. This leads to a lower reduced vortex shedding 
frequency and vibration frequency than that of a single isolated cylinder. The positive and 
negative vortices are aligned alternatively in one row in the wake, instead of two rows as in 
the single cylinder case.  
 
 
Figure 5.29:   Instantaneous vorticity contours for L=1.5 and Vr=12 in the in-phase mode 
for VIV of four separately mounted cylinders 
 
Figure 5.30 shows the instantaneous vorticity contours for some representative cases 
of 2L . The vortex shedding flow pattern under the two initial conditions (IC1 and IC2) 
are found to be different from each other except in Figure 5.30 (g) and (h). It can be seen 
that in the anti-phase mode, four rows of vortices are formed in the wake of the cylinder 
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array, and the vortices from the gap between the two downstream cylinders become 
stronger with increasing spacing ratio as shown in Figure 5.30 (a), (c) and (e). The merging 
of vortices of the same sign is not found in the anti-phase mode, regardless of the spacing 
ratio.  
 
 
Figure 5.30:   Instantaneous vorticity contours of representative cases for VIV of four 
separately mounted cylinders 
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In the in-phase mode, strong vortex interaction and merging are observed in the wake 
of the cylinder array. In the in-phase mode, two vortices with the same sign are shed from 
the two downstream cylinders almost simultaneously, and they merge into one larger 
vortex after they are shed from the downstream cylinders. The closeness in the timing of 
their shedding from the cylinders increases the chance of their merging with each other. In 
the in-phase mode, the vortex merging in the wake of the cylinders occurs even when the 
spacing ratio is L=5 (Figure 5.30 (j)). In the anti-phase mode, merging of vortices is not 
observed because the two vortices shed simultaneously from the downstream cylinders are 
of the opposite signs. The two vortices of different signs from the gap sides of the 
cylinders interact with each other as they are convicted downstream. 
 
5.7 Conclusions 
In this chapter, VIV of four circular cylinders in an in-line square configuration at a 
low Reynolds number of 150 and a low mass ratio of 2.5 are investigated numerically. 
Numerical simulations were conducted for two scenarios: (1) four rigidly connected 
cylinders and (2) four separately mounted cylinders. The conclusions are summarized as 
follows.   
5.7.1 Four rigidly connected cylinders 
1. The response for the case with L=1.5 is characterized by large response amplitudes and 
a wide lock-in region. This is largely because the four cylinders behave as a single body 
with a larger dimension than a single cylinder. The response amplitudes in the lock-in 
regime for L=2 are the smallest among those in other spacing ratios, because of the 
strong interactions between the vortices and shear layers. For L=2.5, 3 and 4, the lock-in 
regime is similar to that of a single cylinder and the response amplitudes in the lock-in 
regime is slightly higher than that of a single cylinder.  
2. An interesting phenomenon found for L=4 is that the response in the range of 
258 r V depends on the initial condition. The vortex shedding in this range of 
reduced velocity is in a symmetric pattern, leading to a zero lift force and no vibration if 
the velocity and the pressure of the flow field and the displacement and the velocity of 
the cylinder are initially set to zero in the whole fluid domain. If the initially condition 
is asymmetric, the vortex shedding from the four cylinders is in an in-phase pattern and 
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vibration is observed. The dependence of the response on the initial condition is also 
found for L=4 with 3r V  and L=3 with 2r V . In the practice, because it is very 
unlikely to have a purely symmetric initial condition, the flow is likely to be 
asymmetric.  
3. For the intermediate spacing ratio of L=2, the response frequency is found to be close to 
the natural frequency in a wider range of reduced velocity of 253 r V . However, the 
response amplitude for L=2 is smaller than those in other spacing ratios. The reason for 
this is that the lift coefficient at L=2 is broad-banded and the component of the lift 
coefficient that excites the vibration is not the component with the highest energy.  
4. The vortex shedding for VIV of four cylinders is different from that for flow past four 
stationary cylinders mainly in two aspects. Firstly, the critical spacing ratio for vortex 
shedding from the two upstream cylinders is between 1.5 and 2, which is much smaller 
than that for flow past four stationary cylinders. Secondly, combination of the vortices 
are found in the wake of the four vibrating cylinders for L=2, 2.5 and 3. The strongest 
biasness of the flow is found when L=3, leading to the increase of the mean cross-flow 
position with the increasing reduced velocity.  
5. The influence of the spacing ratio on the response in the 2DOF VIV is similar to that in 
the 1DOF VIV. In the 2DOF VIV the response amplitude in the cross-flow direction is 
much greater than that in the in-line direction except at the spacing ratio of L=4. When 
the inline amplitude reaches its maximum for L=4, the vortex shedding from the two top 
cylinders is found to be different from that from the two bottom cylinders. The vortex 
shedding from the top left cylinder is in the P+S mode and from the bottom cylinder is 
in the 2S mode.  
6. The energy transfer between the fluid and structure is examined by analyzing the force 
coefficient that is in-phase with the velocity of the cylinder. It is found that the lift force 
of the two upstream cylinders and those of the two downstream cylinders play different 
roles in terms of exciting or damping the vibration in most of the cases in the lock-in 
regimes with regular vibrations, i.e., whenever the lift forces of the two upstream 
cylinders excite the vibration, those of the downstream cylinders damps the vibration 
and vice versa.  
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5.7.2 Four separated mounted cylinders 
7. Simulations are conducted under two initial conditions: symmetric initial condition IC1 
and asymmetric initial condition IC2. The most interesting finding is that the vibrations 
of the cylinders depend on the initial condition in many cases. Four response modes are 
identified based on the correlation and the phase between the vibrations of the two 
downstream cylinders. These are the in-phase mode, the anti-phase mode, the correlated 
out-of-phase mode and the uncorrelated mode. When the spacing ratio is small (L=1.5 
and 2), the vibrations are generally in the anti-phase mode under IC1 and in-phase mode 
under IC2, but with exceptions, for example Vr=12 at L=1.5. The correlation between 
the vibrations of the two top cylinders and that of the two bottom cylinders is generally 
good in small spacing ratios because the interaction between the cylinders is in favor of 
the correlation. By analyzing all the possible vibration modes, it is found that the chance 
of the correlated anti-phase mode is much higher than the in-phase mode.  
8. The response amplitude in the anti-phase mode is generally higher than that in the in-
phase mode for the same spacing ratio and same reduced velocity. Vortex merging, 
which is a common phenomenon in the wake of the cylinders in the anti-phase mode, 
creates strong vortices and leads to the increase in the response amplitude, especially at 
small spacing ratios.  
9. Collision between the two downstream cylinders or between the two upstream cylinders 
only occurs at small spacing ratios of L=1.5 and 2 and in the anti-phase response mode. 
When the two downstream cylinders collide with each other, the vortices from the gap 
between them become very weak, because they are not shed naturally and instead are 
cut off from the cylinders by the collision.   
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Chapter Six 
Three-Dimensional Numerical Simulations of Vortex-
Induced Vibrations of Tapered Circular Cylinders  
 
In this chapter, vortex-induced vibration (VIV) of a tapered cylinder is investigated 
numerically at a constant Reynolds number of 500 using three-dimensional numerical 
simulations. The objectives of the study are to identify the difference between the response 
of a tapered cylinder and that of a uniform cylinder. Simulations are conducted for the 
lengths and the taper ratios the same as those in the published experimental studies. Two 
cylinders are considered: one with a length to diameter ratio of 4.3 and a mass ratio of 2.27 
and other with a length to diameter ratio of 12.3 and a mass ratio of 6.1. Here the diameter 
refers the diameter at the mid-section of the cylinder. While the simulation of the shorter 
cylinder is mainly for validating the numerical model, detailed analysis of the vibration 
amplitude and frequency, the vortex shedding flow mode and the lift coefficient are 
performed for the longer cylinder. It was found that the frequencies of the vortex shedding 
and the lift coefficient synchronize with the vibration frequency in the lock-in regime, but 
vary along the cylinder span outside the lock-in regime. For some reduced velocities, it is 
found that vortex shedding is in 2P mode at the small-diameter part and 2S mode at the 
larger-diameter part, forming a hybrid flow mode. The change of the flow mode on the 
cylinder span corresponds to the change of the phase difference between the lift coefficient 
and the displacement for about 180°. The lock-in regime of a tapered cylinder is found to 
be wider than that of a equivalent uniform cylinder.  
6.1 Introduction 
Due to its efficiency, two-dimensional (2D) simulations of VIV of a cylinder at low 
Reynolds numbers in the laminar flow regime have been popularly used to investigate the 
numerical simulations at low Reynolds numbers (Mittal and Kumar, 1999; Singh and 
Mittal, 2005; Leontini et al., 2006a; Borazjani and Sotiropoulos, 2009; Zhao, 2013; Zhao 
and Yan, 2013; Zhao et al.,2013). Two dimensional numberical method based on the NS 
equations can only be used to simulate flows at very lowy Reynolds numbers. Two-
dimensional numberical simulations allow parametric study to be performed at a wide 
parameter space. However, in many engineering applications, the Reynolds numbers are in 
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the turbulent flow regime. The maximum amplitude of the response in these low-
Reynolds-number simulations is lower than those measured in the high-Reynolds-number 
laboratory studies. Three-dimensioinal flows in the turbulent flow regime has to be 
simulated by three-dimensional numerical models. Some three-dimensional simulations of 
VIV in the turbulent flow regimes have also conducted, but still at relatively low Reynolds 
numbers in the turbulent wake flow regime (Lucor et al., 2005, Navrose and Mittal, 2013; 
Zhao et al., 2014). The 3D numerical simulations for Re=1000 by Lucor et al. (2005) and 
Zhao et al. (2014) accurately predicted the lock-in range of reduced velocity but 
underestimated the maximum vibration amplitude compared with the experimental data, 
which were measured at much higher Reynolds numbers. 
The studies of VIV of a circular cylinder in a fluid flow have been extended to various 
cases that are relevant to the engineering applications. For example, VIV of a cylinder 
close to a plane boundary has been studied due to its relevance to the subsea pipelines 
close to the sea floor (Yang et al., 2008, 2009; Zhao and Cheng, 2011) and VIV of a 
truncated cylinder, which is relevant to the floating offshore platform, was studied 
numerically by Zhao and Cheng (2014).  
The interaction of spanwise shear flow with a uniform cylinder or the interaction of 
uniform flow with a tapered cylinder have also attracted much attention recently. The flow 
pattern of the two cases (a uniform cylinder in a shear flow and a tapered cylinder in a 
uniform flow) are found to be similar to each other. When a uniform circular cylinder is 
placed in a spanwise shear flow, spanwise cellular wake is the typical wake flow structure 
and vortex shedding frequency changes at the boundary between two cells 
(Balasubramanian, et al., 1998; Kappler et al., 2005; Silvestrini and Lamballais, 2004; 
Parnaudeau et al., 2007). The cellular wake flow was also found in the wake of a tapered 
cylinder in a uniform flow (Balasubramanian, et al., 1998). The VIV of a uniform cylinder 
in a spanwised shear flow has been studied numerically by Zhao (2015) and it was found 
that in the lock-in regime, the vortex shedding frequency and the frequency of the lift 
coefficient synchorize along the cylinder span. By conducting experimental studies of 
forced vibration of a tapered cylinder in a uniform flow, Techet et al. (1998) also found the 
synchronization of the vortex shedding frequency along the cylinder span in a certain range 
of the vibration frequency of the cylinder. Zeinoddini et al. (2013) investigated VIV of a 
tapered cylinder in a uniform flow experimentally and found that the lock-in range of a 
tapered cylinder is wider than that in its equivalent uniform cylinder.  
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So far, the studies of VIV of a tapered cylinder in a uniform flow have been very rare. In 
this study, VIV of an elastically mounted tapered cylinder in a uniform flow is investigated 
numerically. The main objectives of this study is to identify the difference between the 
lock-in regimes of a tapered and a uniform cylinder and to study the wake flow patterns for 
VIV of a tapered cylinder in the lock-in regime. To facilitate the comparision between the 
numerical results with the experimental data, the parameters used in this study are chosen 
to be as close to those used by Zeinoddini et al. (2013) as possible. In the numerical model, 
the three-dimensional incompressible Navier-Stokes (NS) equations are solved to predict 
the fluid flow and the equation of motion is solved to predict the response displacement of 
the cylinder.  
6.2 Numerical Method 
     The vortex-induced vibrations of a tapered cylinder is considered in this study as shown 
in Figure 6.1. The tapered rigid cylinder is elastically mounted in a uniform flow and 
allowed to vibrate only in the cross flow direction. The diameter at the mid-section of the 
tapered cylinder is defined as D. The taper ratio for the cylinder is defined as 
)2/()( 12 LDD  where 2D  and 1D  are the maximum and the minimum diameters at 
the two ends of the cylinder, respectively. The reduced velocity for the two cylinder system 
is defined as Vr=U/fnD, where U is the free stream velocity and ( fn ) is the structural 
natural frequency measured in vacuum. The Reynolds number is defined as Re=UD/ν, 
where ν is the kinematic viscosity of the fluid. The governing equations for simulating the 
three dimensional flow are the unsteady three-dimensional incompressible Navier-Stokes 
(NS) equations. The Arbitrary Lagrangian Eulerian (ALE) scheme is applied to simulate 
the flow around a vibrating cylinder. The ALE scheme allows the computational mesh to 
move according to the moving boundary, but not necessary with the fluid particles. In the 
ALE scheme, the incompressible NS equations are written as 
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where xi (x1, x2 and x3 = x, y and z, respectively) is the Cartesian coordinate, ui is the 
velocity in the xi-direction, ρ is the fluid density and juˆ is the velocity of the moving mesh 
in the xj-direction. The vibration of the cylinder is predicted by the equation motion of the 
cylinder 
LFKYYcYm 
                (6.3) 
where Y, Y  and Y  are the displacement, velocity and the acceleration of the cylinder, 
respectively, c and K are the damping coefficient and the stiffness of the spring, 
respectively, and FL is the lift force of the cylinder.  
 
 
  
Figure 6.1:   Sketch for VIV of a tapered cylinder in a uniform flow 
 
The NS equations are discretized using the Petrov-Galerkin Finite Element Method 
(PG-FEM), which was proposed by Brooks and Hughes (1982). By using the fractional 
step method in the temporal discretization, Zhao et al. (2009) developed the three-
dimensional PG-FEM formulae for solving the NS equations, which has been used in a 
number of studies of VIV of circular cylinders (Zhao et al., 2014; Zhao and Cheng, 2014; 
Zhao, 2015). The detail of the PG-FEM formulae of the NS equation can be found in Zhao 
et al. (2009) and will not be repeated here. The equation of motion (6.3) is solved by the 
fourth-order Runge-Kutta method.  
K/4
K/4
K/4
K/4
L
x
y
z
Chapter 6                                                                                                       VIV of tapered cylinders 
 
137 
 
A 50D long, 40D wide computational domain is used in the numerical simulation as 
shown in Figure 6.1, with the cylinder being located 20D downstream the inlet boundary. 
The height of the computational domain is the same as the cylinder length, which has been 
chosen based on the experimental conditions. The boundary condition for the velocity at 
the inlet boundary for a uniform flow is )0,0,(),,( 321 Uuuu  . On the cylinder surface, a 
non-slip boundary condition is used, i.e. the velocity of the fluid is the same as the 
vibrating velocity of the cylinder. At the outlet boundary, the gradients of the pressure and 
the velocity in the streamwise direction are zero. At the two side boundaries (the two 
boundaries perpendicular to the y-axis), symmetric boundary condition is used, i.e. the 
velocity component in the y-direction and the pressure gradient in the y-direction are zero. 
The symmetric boundary condition at the two end boundaries is not the same as that used 
in the experiments. However, the impact of the symmetric boundary is expected to be 
small because the following two reasons. In the experiments, end plates were used at the 
bottom end of the cylinder to minimize the end effects.  Zeinoddini et al. (2013) found that 
the free-surface  on the top of the cylinder does not have significant effect on the 
experimental results.  
 The computational mesh needs to be moved after every computational time step due 
to the vibration of the cylinder. Because the cylinder only vibrates in the cross-flow 
direction (y-direction), the finite element nodes of the computational mesh are moved only 
in the y-direction after each computational time step. The deformation of the mesh is 
calculated by solving the following equation (Zhao and Cheng, 2011) 
                                             0 yS ,                                                     (6.4)  
where, yS  represents the displacement of the nodal points in the cross-flow direction, γ is 
a parameter that controls the mesh deformation. In order to avoid excessive deformation of 
the near-wall elements, the parameter γ in an finite element is set to be A/1 , with A 
being the volume of the element. The boundary condition for Eq. (6.3) is that the 
displacement of the mesh nodes is the same as the displacement of the cylinder on the 
cylinder surface and zero on other boundaries. By giving the displacements at all the 
boundaries, Eq. (6.3) is solved by the Galerkin FEM.  
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6.3 Numerical results and discussions 
The parameters for simulating the VIV of tapered cylinders are chosen to be as close 
to those used in the laboratory experiments by Zeinoddini et al. (2013) as possible. In the 
laboratory tests, which were conducted in a water flume, the cylinder was vertically 
aligned, the top boundary is the free-surface and the bottom boundary is an end plate. In 
the numerical simulations, where the cylinder is also vertically aligned, the top and the 
bottom boudnaries are treated as the symmetric boundaries. The laboratory tests were 
conducted for Reynolds numbers in the range of 1400 to 70200. Because it is difficult to 
simulate the flow at Reynolds number in the order of 10
4
 due to the constrain of the 
computer power, a constant Reynolds number of 500 is used in this study in all the 
simulations. Apart from the above mentioned discrepancy between the experimental and 
numerical set-ups, all other parameters used in this study are the same as those in the 
laboratory tests. The simulated cases are listed in Table 6.1. Zeinoddini et al. (2013) found 
that whether the large-diameter or the small-diameter end of the cylinder is on top does not 
have significant effect on the response. The experimental results with the case where the 
large-diameter end is on top is used in this study.  
Table 6.1: List of the cases used in the numerical simulations 
Case Cylinder type L/D Mass ratio, m
*
 Taper ratio, α m*ζ 
UC1 Uniform  4.3 2.32 0.1 0.00842 
TC1 Tapered 4.3 2.27 0.1 0.0087 
UC2 Uniform 14.3 5.93 0.025 0.0275 
TC2 Tapered 14.3 6.1 0.025 0.0279 
 
The computational domain is divided into 8-node hexahedral tri-linear elements. The 
numbers of the finite elements for the cylinders with L/D=4.36 and 14.28 are 795,456 and 
2,386,368, respectively. Figure 6.2 shows the computational mesh for L/D=4.36 and α=0.1. 
The cylinder surface is discretised into 96 elements along the circumference of a cross 
section and the minimum mesh size on the cylinder surface in the radial direction is 
0.002D. The mesh size in the spanwise direction of the cylinder is Δz=0.1D. The density of 
the meshes used in this study is the same as the one used in the study of VIV of a uniform 
cylinder in a sheared flow at Re=500 by Zhao (2015). A detailed mesh dependency study 
has been presented by Zhao (2015) and will not be repeated here.  
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Figure 6.2:   Computational mesh for VIV of a tapered cylinder with L/D=4.3 and α=0.1 
 
6.3.1 Response amplitude and frequency 
Figure 6.3 shows the time histories of the displacement of the tapered cylinder for TC1 
for reduced velocities between 1 and 13. For each reduced velocity, the simulation is 
conducted for long enough time to ensure the fully developed vibration history has been 
achieved. For irregular vibrations, the simulated time is longer to ensure all the possible 
vibration state is obtained. It can be seen that the high amplitude vibrations occur in a 
range of reduced velocity 124 r V  and these high-amplitude vibration are generally 
periodic and regular. The vibration is very irregular when the reduced velocity is 1 and 2 
and no distinct vibration frequency can be identified based on the time histories of the 
displacement. Compared with that at Vr=11, the vibration amplitude suddenly reduces at 
Vr=12.  
Figure 6.4 shows the time histories of the displacement of the tapered cylinder for 
TC2. In TC2, the cylinder is longer and the taper ratio is smaller than their counterparts in 
TC1. The response amplitude is extremely small (less than 0.05D) when the reduced 
velocity is 1, 2 and 3. The vibration amplitude increases suddenly at Vr=4 and remains high 
until Vr=9. At the reduced velocity of Vr=10, the response amplitude reduces suddenly. 
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While the vibration is very irregular at Vr=1 and 2, the vibration is basically periodic at 
Vr=13, although the vibration amplitude has been very small.   
 
 
Figure 6.3:   Time histories of the vibration displacement for the tapered cylinder TC1 
(m
*
=2.27, L/D=4.3, α=0.1) 
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Figure 6.4:   Time histories for the tapered cylinder TC2 (m
*
=6.1, L/D=14.3 and α=0.025) 
 
Figure 6.5 shows the variation of the response amplitude and frequencies with the 
reduced velocity for cylinders with L/D=4.3, i.e. the cases UC1 and TC1 in Table 6.1, 
together with the experimental data by Zeinoddini et al. (2013). Zeinoddini et al. (2013) 
defined the reduced velocity based on the natural frequency measured in water, fnw, as
)/( nwrw DfUV  . Here a subscript “w” has been used to denote the reduced velocity and the 
natural frequency measured in water. In this study the reduced velocity Vrw and the non-
dimensional vibration frequency f/fnw measured in the experimental data are converted to 
Vr and f/fn, based on the relationship )(/1/
*
A
*
nnw mCmff  , where the added mass 
coefficient CA=1.  
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Figure 6.5:    Comparison of the response amplitude and frequency with the experimental 
data for the cylinders with L/D=4.3 
 
For a uniform cylinder, the range of 104 r V  is the lock-in range because the 
vibration amplitude is high and the frequency is close to the natural frequency in this range 
of reduced velocity. The maximum amplitude of the uniform cylinder (UC1) is about 0.90 
in the laboratory test, which occurs at Vr=6. The predicted maximum amplitude is smaller 
than the measured value. The calculated maximum amplitudes in the lock-in regime by 
Navrose and Mittal (2013) and Zhao et al. (2014) for Re=1000 were also found to be 
smaller than the measured data. The reason for this is due to the smaller Reynolds number 
used in the present study than those used in the experiments. The lock-in range of the 
reduced velocity for a uniform cylinder is very close to that obtained in the experiments. 
For a uniform cylinder, the response frequency increases with increasing reduced velocity 
when the reduced velocity is small (less than 5). Once fy/fn exceeds 1, it remains to be close 
to 1 until the higher boundary of the lock-in regime. The lock-in range of the reduced 
velocity for a tapered cylinder (TC1) is also similar to that observed in the experiments. 
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But the calculated maximum amplitude in the lock-in range is lower than the measured.  
For a uniform cylinder, the response amplitude increases suddenly at Vr=11, because the 
response has been outside the lock-in regime and the response frequency follows the 
Strouhal law. The main difference between the response of a uniform cylinder and that of a 
tapered cylinder is that the non-dimensional response frequency fy/fn is still close to 1 when 
Vr exceeds 11, where the response amplitude has been reduced significantly. 
 
Figure 6.6:   Comparison of the response amplitude and frequency with the experimental 
data for the cylinders with L/D=14.28 
 
Figure 6.6 shows the variation of the response amplitude and frequencies with the 
reduced velocity for cylinders with L/D=14.3, i.e. the cases UC2 and TC2 in Table 6.1, 
together with the experimental data by Zeinoddini et al. (2013). The mass ratios for UC2 
and TC2 are much higher than those in UC1 and TC1. The lock-in regimes for UC2 and 
TC2 are narrower than those for UC1 and TC1, mainly because of the greater mass ratios. 
It was also found that the lock-in range of the reduced velocity becomes narrower with 
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increasing mass ratio in the laboratory studies (Govardhan and Williamson, 2000). 
Compared with that in the uniform flow case, the lock-in regime of a tapered cylinder 
shifts towards the high reduced velocity direction. This is also observed in the 
experimental data.  
 
Figure 6.7:   FFT spectra of the vibration displacement and the lift coefficient for 
L/D=14.28. Each of the spectra is normalized by the peak value Amax. 
 
It can be seen that for a tapered cylinder, the vibration frequency is close to the natural 
frequency when the reduced velocity exceeds the higher boundary of the lock-in regime (
11r V  in Figure 6.5 and 10r V  in Figure 6.6). The reason why the vibration frequency is 
close to the natural frequency, but the response amplitude is small at large reduced 
velocities can be examined by the Fast Fourier Transform (FFT) spectra of the vibration 
displacement and lift coefficient for L/D=14.3 shown in Figure 6.7. When the reduced 
velocity is less than 9, the peak frequencies of the displacement and the lift coefficient are 
found to be the same, resulting in high-amplitude vibrations. When 10r V , the FFT 
spectra becomes broad-banded, indicating the irregularity of the force coefficient. The 
peak frequency of the displacement is found different from the frequency of the lift 
coefficient with the greatest energy. If the lift coefficient is broad-banded, the component 
with a frequency close to the natural frequency may not be the leading frequency, but it 
0
1
2
3
4
5
6
7
8
9
10
11
12
13
0 1 2 3 4 5
A
/A
m
ax
f/fn
(a) Displacement
Vr=13
Vr=11
Vr=10
Vr=9
Vr=8
Vr=7
Vr=6
Vr=5
Vr=4
Vr=3
Vr=2
Vr=1
0
1
2
3
4
5
6
7
8
9
10
11
12
13
0 1 2 3 4 5
A
/A
m
ax
f/fn
(b) Lift coefficient
Vr=13
Vr=11
Vr=10
Vr=9
Vr=8
Vr=7
Vr=6
Vr=5
Vr=4
Vr=3
Vr=2
Vr=1
Chapter 6                                                                                                       VIV of tapered cylinders 
 
145 
 
excites the highest amplitude. However, the amplitude is much smaller than that in the 
lock-in regime. Because the peak frequencies of the displacement and the amplitude are 
very different from each other and the response amplitude is very small, 10r V  is not 
classified to be lock-in regime for TC2, although the dominant vibration frequency is close 
to the natural frequency. Due to the same reasons, 11r V  is not in the lock-in regime for 
TC1.  
 
6.3.2 Wake flow 
The wake flow for the VIV of a uniform cylinder at Re=500 is three-dimensional as 
shown in Figure 6.8, where the iso-surface of the second negative eigenvalue of the tensor 
Ψ2+Ω2 are presented. Here Ψ and Ω are the symmetric and the anti-symmetric parts of the 
velocity-gradient tensor, respectively. The non-dimensional eigenvalue is defined as 
2
22 )//(
~
DU  , with 2
~
  being the dimensional value. The eigenvalue of the velocity 
tensor has been proved to be able to visualize the vortices accurately (Jeong and Hussain, 
1995). As shown in Figure 6.8, the wake flow is dominated by strong vortices that are 
perpendicular to the cylinder span (spanwise vortices). For flow past a stationary cylinder, 
the spanwise vortex dominant flow is called flow mode B, which occurs when the 
Reynolds number exceeds 250 (Williamson and Roshko, 1988). The wake flow mode B 
was also found when the cylinder is allowed to vibrate by Zhao et al. (2014) and will not 
be discussed in detail here.   
Figure 6.9 shows the iso-surfaces of 5.02   for the tapered cylinder TC2 at two 
instants when the cylinder is at its minimum and maximum y-positions, respectively. 
Immediately behind the cylinder, continuous spanwise vortex tubes can be identified for 
the small reduced velocity of Vr=2. However, the disconnection of the spanwise vortices 
behind the cylinder are found for Vr=5 and 8. If a local reduced velocity is defined by the 
local diameter of the cylinder, it varies along the cylinder span. In some reduced velocities, 
the flow patterns in different spanwise positions are found to be different from each other 
due to the variation in the local reduced velocity.  
 
Chapter 6                                                                                                       VIV of tapered cylinders 
 
146 
 
 
 
 
Figure 6.8:   Iso-surface of the 5.02  for UC2 
Before the variation of the flow pattern along the span of a tapered cylinder is 
discussed, the vortex shedding flow patterns for a uniform cylinder are presented. It has 
been found that the vortex shedding flow pattern in the wake of a uniform cylinder is 
dependent on the reduced velocity (Govardhan and Williamson, 2000). Figure 6.10 shows 
the contours of the non-dimensional spanwise vorticity (the vorticity component in the z-
direction) at midsection of the cylinder for the uniform cylinder UC2. The non-
dimensional spanwise vorticity is defined as )//()//( DUxuyvz  .  
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Figure 6.9:   Iso-surface of 5.02  for TC2 
(a) Vr=2, Y=Ymin (b) Vr=2, Y=Ymax
(c) Vr=5, Y=Ymin (d) Vr=5, Y=Ymax
(e) Vr=8, Y=Ymin (f) Vr=8, Y=Ymax
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When Vr=4, the vibration amplitude of the cylinder is small and vortex shedding flow 
pattern is similar to that of a stationary cylinder. The vortex shedding mode is in the 2S 
mode, because two vortices are shed from the cylinder in one period of vibration. When 
the reduced velocity is 5 and 6, the wake flow pattern is in the 2P mode, i.e. two pairs of 
vortices are shed from the cylinder in one vibration period. The vortex shedding in Figure 
6.10 (a) is out of phase with that in Figure 6.10 (b), (c) and (d). This out-of-phase in the 
vortex shedding corresponding to the out-of-phase of the lift coefficient as discussed later 
on. The vortex shedding patterns shown in Figure 6.10 agree with the flow visualization 
presented in Figure 16 in Govardhan and Williamson (2000). 
 
 
Figure 6.10:   Contours of the spanwise vorticity at the mid-section of the cylinder at the 
instant when the cylinder‟s displacement Y=Ymax, for UC2 
 
Figure 6.11 shows the contours of the spanwise vorticity when Y=Ymax for the tapered 
cylinder TC2 at Vr=5. It can be seen that the vortex shedding at the section z/L=0.4 is very 
similar to the 2P mode in the single cylinder case. The vortex shedding at z/L=0.6 is in the 
2S mode. The difference in the vortex shedding pattern leads to the dislocation of the 
spanwise vortex near the midsection of the cylinder as shown in Figure 6.9 (c) and (d). By 
conducting experimental study of forced vibration of a tapered cylinder in fluid flows, 
Techet et al. (1998) also found the hybrid of the 2S mode and 2P mode at two different 
parts of the cylinder and a distinct vortex disconnection between the two parts. The vortex 
(a) Vr=4 (b) Vr=5
(c) Vr=6 (d) Vr=8
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shedding at z/L=0.0 and 0.2 is in-phase with that at z/L=0.4. However, the 2P mode is not 
obvious at these two locations, mainly due to the effects of the two ends. The vortex 
shedding flows at z/L=0.6, 0.8 and 1.0 are similar to each other and they are in the 2S 
mode.  
 
 
Figure 6.11:  Contours of the spanwise vorticity for TC2 and Vr=5 
 
Figure 6.12 shows the contours of the spanwise vorticity at six sections at Vr=8 when 
the cylinder‟s displacement is at its maximum y-position for the tapered cylinder TC2. The 
vortex shedding patterns at difference spanwise locations are found to be very different 
from each other. The vortex shedding at z/D=0.8 is found to be similar to the 2P mode in 
the uniform cylinder case. It has been found that when a uniform cylinder is placed in a 
fluid flow, high amplitude occurs when the vortex shedding frequency and the vibration 
frequency of the cylinder synchronize or lock-in with each other. When the tapered 
cylinder is placed in the fluid flow, the vortex shedding varies along the cylinder span. The 
chance of lock-in of a tapered cylinder is higher than that of a uniform cylinder, because, 
(a) z/L=0.0 (b) z/L=0.2
(c) z/L=0.4 (d) z/L=0.6
(e) z/L=0.8 (f) z/L=1.0
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instead of a single reduced velocity, a range of local reduced velocity exists along the 
cylinder span. It is very likely the local reduced velocity at some part of the cylinder is in 
the lock-in range, while those in the other part are not. This is the reason why the lock-in 
range of a tapered cylinder is higher than that of a uniform cylinder as demonstrated in 
Figure 6.6.  
 
Figure 6.12:   Contours of the non-dimensional spanwise vorticity when the cylinder‟s 
displacement is the maximum for TC2 and Vr=8 
 
6.3.3 Lift coefficient 
Figure 6.13 (a) shows the variation of the RMS lift coefficient with the reduced 
velocity. The lift coefficient for the uniform cylinder UC2 reaches its maximum when the 
reduced velocity is 4. For a tapered cylinder the lift coefficient reaches its maximum at the 
reduced velocity of 5. Khalak and Williamson (1999) found that the phase between the lift 
coefficient and the displacement jumps about 180° when the response switches from the 
upper to lower branch. The phase change of 180° corresponds to the change of the flow 
(a) z/L=0.0 (b) z/L=0.2
(c) z/L=0.4
(d) z/L=0.6
(e) z/L=0.8
(f) z/L=1.0
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pattern as discussed above. In this study, the lift coefficient is defined as 
)/(2 2LL DLUFC   and the sectional lift coefficient at the section z is defined as 
)/()(2)( 2LLs DUzFzC  , where FL(z) is the sectional lift force, which is calculated by 
integrating along the circumference of the cross section of the cylinder. Whether the lift 
coefficient is in-phase or anti-phase with the displacement is determined by the correlation 
coefficient between the lift coefficient and the displacement defined by 

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Figure 6.13:   Variation of (a) RMS lift coefficient and (b) Correlation between the lift 
coefficient and the displacement with the reduced velocity. 
 
where the subscript k stands for the k-th sample, n is the total sample numbers, the over bar 
of each variable stands for the mean value (time averaged) and the prime of each variable 
stands for the RMS value. The correlation coefficient is 1 if two signals are exactly in-
phase with each other and negative 1 if two signals are exactly anti-phase with each other. 
The variation of the correlation R(CL, Y) with the reduced velocity is shown in Figure 6.13 
(b). It can be seen that, when the RMS lift coefficient reduces to its minimum value (Vr=5 
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for UC2 and Vr=7 for TC2), the correlation coefficient changes from a value close to 1 to a 
negative value, indicating the change from in-phase to anti-phase phase between the lift 
coefficient and the displacement.  
 
Figure 6.14:   Distribution of the correlation coefficient between the sectional lift 
coefficient and the displacement along the cylinder span for TC2 
 
It has been seen in the discussion of the wake flow that the vortex shedding mode 
changes along the span of a tapered cylinder for some reduced velocities. Where the vortex 
shedding change mode can be identified by observing the correlation coefficient between 
the sectional lift coefficient and the displacement. Figure 6.14 shows the distribution of the 
correlation coefficient between sectional correlation coefficient and the displacement along 
the cylinder span, R(CLs,Y) for the tapered cylinder TC2. Figure 6.13 has shown that the 
correlation coefficient R(CL,Y) is positive for small reduced velocity and negative for large 
reduced velocities. It can be seen in Figure 6.14 that for small reduced velocitt of Vr=3, 
R(CLs,Y) is positive throughout the cylinder span. For reduced velocities of Vr=4, 5 and 6, 
R(CLs,Y) at the small-diameter part of the cylinder becomes negative and that at the large-
diameter part is still positive. The position where the correlation coefficient R(CLs,Y) 
changes its sign is where the flow change the mode. For very small reduced velocities of (
2r V ) and large reduced velocities of 7r V the absolute value of the correlation 
coefficient is small, indicating the poor correlation between the lift coefficient and the 
displacement of the cylinder.  
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6.4   Conclusions 
Vortex-induced vibration (VIV) of tapered and uniform cylinders of non-dimensional 
lengths of L/D 4.3 and 14.28 is investigated numerically at a Reynolds number of 500. 
While the simulations for L/D=4.3 are mainly for the validation of the numerical model, 
detail analysis of the vortex shedding flow and the force coefficient have been performed 
for the longer cylinder of L/D=14.28. The results of the vibration amplitude and frequency 
of the cylinder are found to be close to the experimental results.  
A hybrid between the 2S vortex shedding mode at one part of the cylinder and 2P 
vortex shedding mode at another part are found for certain reduced velocities in the lock-in 
regime. The spanwise vortices disconnect at the boundary between the 2S and 2P modes. 
The co-existence of the two vortex shedding mode mainly due to the variation of the local 
reduced velocity along the cylinder span. The correlation coefficient between the sectional 
lift coefficient and the displacement may change its sign at the position where the flow 
changes its mode along the cylinder span. The change of the sign of the correlation 
coefficient corresponding to a phase between the displacement and the sectional lift 
coefficient jump of about 180°. 
Although the vortex shedding pattern may vary along the cylinder span, the 
frequencies of the vortex shedding frequency and the sectional lift coefficient synchronize 
with the vibration frequency of the cylinder in the lock-in regime, instead of varying along 
the cylinder span. Outside the lock-in regime, the flow pattern is similar to that of a single 
cylinder due to very small vibration amplitude.  
The lock-in regime of the reduced velocity for a tapered cylinder is found to be wider 
than that of a uniform cylinder. This is mainly because the variation of the local reduced 
velocity along the cylinder span increases the chance of lock-in compared with the single 
reduced velocity in the uniform cylinder case. 
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Chapter Seven 
Conclusions and Future work
  7.1 Conclusions 
VIV of cylindrical structures in fluid flow is studied extensively using numerical 
simulation in this thesis. The study is focused on the influence of the flow condition and 
the structure configuration on the VIV of elastically mounted rigid cylinders. VIV in 
combined steady and oscillatory flow is studied and the influence of the flow ratio on the 
VIV is discussed in Chapter 3. The most important finding in this study is that the 
combination of the steady flow and the oscillatory flow widens the lock-in regime. The 
widest lock-in regimes, which occur at a=0.4 and 0.6, are about twice as wide as that in the 
pure steady or pure oscillatory flow case. At KC=10, the response of the cylinder in the 
cross-flow direction locks onto either twice the oscillatory flow frequency or the natural 
frequency of the structure, depending on the flow ratio. It locks onto twice the oscillatory 
flow frequency if the flow ratio a≤0.2 in the resonance regime, and locks onto the natural 
frequency of the system as a≥0.6. VIV of multiple cylinders in different configurations is 
studied in Chapters 4 and 5. In this study the upper boundary of the reduced velocity is 
defined as the reduced velocity where the response frequency exceeds the highest natural 
frequency of the cylinder system. It is found that the lock-in regime of the reduced velocity 
based on the first mode natural frequency for a multiple-cylinder system is wider than that 
of a single cylinder system. The energy transfer analysis between fluid flow and individual 
cylinders in the array shows that the hydrodynamic forces on individual cylinders either 
excite or damp the vibration, depending on the reduced velocity. An interesting flow 
feature observed at L = 2, 2.5 and 3 is the biased vortex street in the wake of four rigidly 
connected cylinders. The biased vortex street leads to a shift of the mean position of the 
cylinder array with the largest mean position shift being observed at L=3. Four response 
modes are identified for four separately mounted cylinders. These are the in-phase mode, 
the anti-phase mode; the correlated out-of-phase mode and the uncorrelated mode. It is 
found that the response mode chosen by the cylinders is dependent not only on the spacing 
ratio, but also on the initial condition of the flow.  In chapter 6, VIV of a tapered cylinder 
is studied by three-dimensional simulations. The lock-in regime of the reduced velocity for 
a tapered cylinder is found to be wider than that of a uniform cylinder. This is mainly 
because the variation of the local reduced velocity along the cylinder span increases the 
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chance of lock-in compared with the single reduced velocity in the uniform cylinder case.  
The research outcomes of each chaper have been listed in the conclusion section of the 
chaper.  
  7.2 Future work 
Many cases have been considered in the present thesis and the conclusions have been 
drawn. However, due to the significance of VIV in pratice and time limitation of the PhD 
study period, continuing work is still needed to fully understand the mechanism of VIV of 
cylindrical structures in fluid flow. The following research directions are recommended for 
the future work: 
1) Vortex-induced vibration at high Reynolds numbers 
The studies in this thesis are mainly conducted at low Reynolds numbers due to the 
limination of the computer power. By conducting low Reynolds number simulations, some 
fundamental mechanisms of VIV can be discovered. In practical engineering, the Reynolds 
numbers are generally in the turbulent flow regime. It is very unlikely to simulate VIV at 
high Reynolds numbers using Direct Numerical Simulations in the near future. To deal 
with real engineering problems, the most important work needs to be done is to develop  
advanced turbulence models to simulate the high Reynolds number VIVs.  
2) Vortex-induced motion of three-dimensional structures 
This thesis are mainly devoted to the simulation of VIV using a two-dimensional (2D) 
numerical model and only one chapter has been focused on the three-dimensional study. 
The efficiency of the 2D model enables us to find out the influence of the flow condition 
and the configuration of the cylinders on the VIV through simulations at wide range of 
parameter space. 2D simulations in the simple flow condition also allow us to investigate 
fundamental mechanisms of VIV.  
In reality, many structures are three-dimensional, such as the floating structures in the 
offshore oil and gas industry including floating platforms and mooring cables. The 
response of these structures in fluid flow needs three-dimensional numerical model. The 
three-dimensional simulations have been conducted in this thesis to investigate the 
response of a tapered cylinder in fluid flow. It has great potential to simulate more 
comprehensive problems in the future.  
 
3) VIV of flexible cylinders 
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So far, majority of the studies including the ones in this thesis on VIV have been 
focused on VIV of elastically mounted rigid cylinders. The slender structures, such as the 
pipelines, power cables, mooring lines, etc. are flexible. While the studies of VIV of 
elastically mounted rigid cylinders can provide fundamental understanding on VIV, the 
research focus of VIV should be advanced a step further to long flexible cylinders. With 
the fast development of the computing technology, simulation of the long flexible cylinder 
using 3D models should be achievable at low Reynolds numbers in the turbulent flow 
regimes. The National Computational Infrastructure (NCI) and the Intersect Australia 
Limited in NSW provide excellent supercomputer facilities. Control of VIV 
Because VIV is a hazard in many offshore engineering applications, many control 
methods have been proposed and tested to reduce the VIV, mostly through experimental 
studies. Passive control is more sutitable to many engineering structures than active 
control, because it does not need any external energy input. The numerical model used in 
this thesis has been demonstrated to be effective and accurate. Studying VIV control using 
numerical method will be more efficient and economical than using laboratory tests. Aslo 
conducting extensive numerical simulations in a wide parametric space will provide more 
chance to find out optimized control methods.  
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